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Prologue

The concept of classical thermodynamics provides a purely phenomenological approach towards energy
transfer, phase equilibria and chemical equilibria. Therefore, its application to predict the behavior of
real systems quantitatively is rather limited, for instance in respect to the heat capacities of gases and
the quantitative dependence of these heat capacities on temperature. Also, classical thermodynamics
addresses only the changes in quantities of state, such as internal energy, entropy or Gibbs free enthalpy,
and therefore, reference states to define the absolute quantities are introduced in an arbitrary way. Finally,
classical thermodynamics is a macroscopic approach not at all related to the microscopic properties
of matter (atoms, molecules). These microscopic properties of matter, on the other hand, have to be

described using the concepts of quantum mechanics.

Here, statistical thermodynamics, which is based on mathematical statistics, provides the connection
between the macroscopic physicochemical quantities addressed in classical thermodynamics, and the
microscopic quantum chemical description of matter. To calculate the properties of molecules and
atoms as predicted by quantum chemistry, on the other hand, we need certain input parameters such
as the chemical bond strengths or chemical bond lengths of a given molecule, quantities which can

experimentally be determined by optical spectroscopic methods.

This booklet therefore tries to provide an overview on the relation between our quantum
chemical description of matter (on the microscopic level) and the macroscopic thermodynamics

(macroscopic level), and it is organized as following:

In Chapter 1, I will first introduce the mathematical concept of Boltzmann statistics, which will directly
lead us to the fundamental quantity of statistical thermodynamics, the molecular partition function. Next,
I will explicitly calculate the partition functions at given temperature for different types of molecular
energy levels, using the results from quantum chemistry (namely, harmonic oscillator, rotator, particle
in a box). Finally, it will be shown how classical thermodynamic properties, like heat capacity, energy,
or entropy etc., depend on the microscopic properties of matter, namely the energy Eigenvalues, via
the partition function. I will conclude the first chapter of this book with the explicit calculation of the
chemical equilibrium constant for a simple chemical reaction, using the microscopic particle properties

to calculate the underlying molecular or atomic partition functions.
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Chapter 2 starts with a brief introduction into the mathematical concept of complex numbers, which
are needed to facilitate the algebraic calculations with wave functions and mathematical operators in the
context of quantum mechanical concepts. This section is followed by a theoretical introduction into the
quantum chemistry treatment of optical spectroscopy, which is based on the time-dependent Schrodinger
equation and simple linear perturbation theory, as well as an approach using the time-dependent linear
combination of unperturbed wave functions to mathematically describe the perturbed state of a molecular
system. Next, some important spectroscopic techniques will be briefly discussed: UV/Vis absorption
spectroscopy of molecules (corresponding to the excitation of electronic states by the absorption of light),
IR absorption spectroscopy (corresponding to the excitation of vibrations and rotations of molecules),

and, as an important pendant to the IR technique, Raman scattering spectroscopy.

To determine if molecular vibrations can be detected in IR absorption or Raman scattering, the important
concept of symmetry analysis of molecular vibrations based on symmetry point group theory and so-
called character tables is a very helpful tool. Therefore, I decided to also include a brief introduction
into the mathematical concept of symmetry point groups and character tables in this book, presented
in chapter 3. For given comparatively simple example molecules, here it will be illustrated how one can
determine the number of optical transitions visible in optical vibration spectroscopy (IR-absorption,
Raman scattering). Symmetry analysis is also very useful to analyze the possibility to excite electronic

molecular states by UV/vis absorption, which is shown for the example H,O at the end of chapter 3.

For illustration of the Physical-Chemical concepts and their relevance, chapters 1 and 2 will also contain

some quantitative example problems, presented in a box.
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1 Statistical thermodynamics

In this chapter, it will be shown how macroscopic thermodynamic quantities can be calculated from
molecular parameters, such as strength or length of a chemical bond. The underlying concept is based
on mathematical statistics and calculation of average properties from single particle properties. On the
other hand, the characteristic properties of a single particle (on an atomistic length scale) are given by
quantum chemical calculations. The chapter is organized as following: first, the concept of Boltzmann
statistics is presented, leading to the molecular partition function as the fundamental quantity in
statistical thermodynamics. In the 2™ part, the general concept will be applied to various quantum
mechanical models. These specific solutions allow us, as shown in the third part of this chapter, to
calculate thermodynamic quantities such as the heat capacities of molecules in the gas state, or even a

chemical equilibrium constant.

Before we start with statistical thermodynamics itself, however, let us briefly recall some fundamental

relations from classical phenomenological thermodynamics:
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Summary of classical thermodynamic quantities of state and important differential relations:

(@)

(i)

(iif)

(iv)

™)

(vi)

Change of internal energy, AU :

The change of the internal energy during a process corresponds to the heat exchange
with the environment, at isochor (= at constant volume V) conditions: AUy, = ¢y, - AT,
with ¢y the respective heat capacity. Note that ¢, = ¢, (T)

Change of enthalpy, AH:

The change of the enthalpy during a process corresponds to the heat exchange with the
environment, at isobar (= at constant pressure p) conditions: AH, = ¢, - AT,

with ¢, the respective heat capacity.

Change of entropy, AS:

The change of the entropy corresponds to the reversibly exchanged heat divided by the
temperature, if the process is run isotherm (= at constant temperature 7). If the
temperature is not constant, it is more generally given as,

_ dQrev
AS = deT

Change of free enthalpy, AG:

The change of the free enthalpy is the maximum work output one can get from a
process at isotherm and isobar conditions, any volume change effect excluded. For
example, this could be electrochemical work (EMK is electromotoric force, e.g. voltage
of a chemical battery):

AGry =W, = —2z+F-EMK = AH —T - AS
The chemical equilibrium:
The chemical equilibrium constant K, is related to the difference in free enthalpy of
pure products and educts AzG* , and the thermal energy R - T , as:

ARG* = —R-T-InK,

Important differential relations for thermodynamic quantities of state:

dU = TdS — pdV dH = TdS + Vdp
dA = —SdT — pdV dG = —SdT + Vdp
au 0H

(A: free energy or Helmholtz energy)
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1.1 The Boltzmann statistics

Consider a system of N non-interacting distinguishable particles. Each particle can assume a certain
energy level E;, with multiple particles N; occupying the same energy level. Now, we determine the
statistical weight Q of a given set of energy level populations {N;}, using the boundary conditions of
constant overall particle number N, constant total energy E = ), N;E;, and constant volume of the system

(so the energy levels E; remain constant, just their population N; is variable).

N!
- [In;!

Q (Eq.1.1)

To determine the set of populations N; with the highest statistical probability, we need to differentiate this
expression by all variables N;, calculate the total differential dQ as the sum of these partial differentials,
and finally determine the 0 intercept. Since it is not possible to analytically differentiate the ! - function,
the so-called Stirling approximation is needed to translate the !-function into a mathematical expression

which analytically can be differentiated:

InQ=InN!-InN;! (Eq.1.2)

with the Stirling approximation:

InN!'=NInN —N (Eq.1.3.1)

In Nl' = Ni In Ni — Ni (Eq132)

In Eq.1.2, we have also used that }; N; = N. Note that the Stirling approximation is only valid for very

large numbers N or N;, respectively.

In addition, to determine the maximum of In Q) in dependence of variables N; by differentiation, we
also have to take into account the boundary conditions of constant particle number and constant total

energy of the system. These boundary conditions in differential form are given as:

Y dN; =0 (Eq.1.4.1)

Y E;dN; =0 (Eq.1.4.2)

Before providing the general mathematical solution for the energy level populations {N;} with highest
statistical probability Q,,,,. let us illustrate this concept with a simple example: consider a collection
of three dice each with different colors (red, blue, orange), representing the energetic state of a given
particle. In addition, we assume a total energy E = 10 (here: sum of all 3 dice). This can be realized by

the following possibilities shown in figure 1.1:
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Statistical Thermodynamics and Spectroscopy Statistical thermodynamics

Figure 1.1.: 3 different colored dice representing individual particles in respective energetic states, and all possible
combinations corresponding to a total energy E = 10.

According to figure 1.1., we can realize the individual combinations of dice numbers including respective
permutations as following: (1,3,6) = 6 possibilities, (1,4,5) = 6 possibilities, (2,3,5) = 6 possibilities,
(2,2,6) = 3 possibilities, (2,4,4,) = 3 possibilities, and finally (3,3,4) = 3 possibilities. This is in agreement

with Eq. (1.1.), as shown for example for combination (3,3,4):

=" -3 _3_j5 (Eq.1.5)
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Statistical Thermodynamics and Spectroscopy Statistical thermodynamics

For our simple example we conclude that combinations (1,3,6), (1,4,5) and (2,3,5) have the highest

probabilities Q.
More general, the differential equation to determine Q,,,, is given by:
dInQpe, =0=3 {“d“;v‘: +a—BE}dN, (Eq.1.6)

with a and f the so-called Lagrange multipliers. For the Lagrange multiplier j, for example, it can be
shown (see textbooks of Physical Chemistry) that it is given as:

g = Kl'T (Eq.1.7)

T is the absolute temperature of the system measured in Kelvin, and kp = 1.38- 10723 J/K is the
Boltzmann constant. kg - T then is the thermal energy per particle. In section 1.3, it will be explained
in more detail how general relations between the statistical variables ¢ and B on one hand, and
phenomenological thermodynamic variables S, U, A and T, can be derived. These relations are based
on the fundamental equation of phenomenological thermodynamics A = U —T . S (A = Helmholtz

free energy, U = internal energy, S = entropy).
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Statistical Thermodynamics and Spectroscopy Statistical thermodynamics

For the explicit mathematical solution of the differential equation (1.6.) the interested reader is referred
to the literature, i.e. most common textbooks on Physical Chemistry. Here, for simplicity and to keep

our focus on the essential concepts, we just continue with the solution:

v enipry _ ovlit) ool -

Ej
kT
with the molecular partition function:

q = ), exp (— %) =Y exp(—pB - E;) (Eq.1.9)

The meaning of this partition function can be illustrated by a system consisting of two
different energy levels only, for example one level at E; = 0//Mole, and the other at E; =
100 J/Mole = 1.66 - 10722 ] /particle. In this case, the partition function is simply given as:

qg=1+exp (— 1.6;9;-0;22) =1+ exp (— 12.0Tz K) (Eq.1.10)

Figure 1.2. illustrates this result:

1,8

0 50 100 150 200
T/K

Figure 1.2.: Molecular partition function for a two-state system (E, = 0 //Mole, E; =
100 J/Mole = 1.66 - 10722 ] /particle) as a function of temperature.
(Plots were prepared with Microsoft Excel 2010)
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The partition function provides an estimate for the number of states which are significantly populated at a
given temperature T. As shown in figure 1.2, at T'= 0 K only the ground state is populated, corresponding
tog=1. At T> 200K, g assumes nearly a value of 2, corresponding to equal population probability of the
ground state and the excited state, and therefore the number of populated states weighted by population
probability assumes the value of 2 at high temperatures. It should be noted that an energy of 100 J/Mole
is not very much on a molecular scale, since the excited state is maximum populated already at rather
low temperature well below t = 0 °C or T = 273.1 K. Finally, it should be noted here that according to
Eq. (1.8), at given temperature the population N; should steadily decrease with increasing energy E;.
Only at infinitely high temperature T — oo it is possible to achieve an equal population of all states,
N; = N/Qmax-butit never is possible to populate an energetically higher state more than an energetically

lower state using heat (thermal energy). qmqx here is the total number of states.

1.2 Calculation of molecular partition functions

In this section, I will show how molecular partition functions can be calculated at given temperature for
different types of molecular energy levels, using the results from quantum chemistry (namely, harmonic
oscillator, rotator, particle in a box). Therefore, let me first repeat briefly the solutions of simple quantum
chemistry for E; (see, for example, W. Schirtl, bookboon: “Physical Chemistry — A complete introduction

on bachelor of science level”):
i) Particle in a box with infinitely high walls:

In case the potential barrier is infinitely high, the probability to find a particle, moving within a
1-dimensional box of size g, is zero at each wall, and the quantum chemical wave function ¥W(x) then
is given as a perfect standing wave (sine- or cosine-function). With decreasing wavelength, the energy
increases, since, according to classical physics and the de-Broglie equation (p = h/A), the kinetic energy

is given as:

hZ
2 _p: _ "y (Eq.1.11)
2m~ 2m
with m the particle mass, v the particle velocity, p the momentum of the moving particle, 1 the

corresponding wave length defined by the de-Broglie equation, and finally h the Planck constant
(h =6.626e —34] - s).

Since for our particle in a box the wavelengths decrease as 1, 1/2, 1/3, ... (from the ground state to
the excited states), we expect the energy levels to scale as 1, 4, 9, ..., even without exactly solving the
Schrodinger equation. The wave functions W(x) and the corresponding E;, - eigenvalues are given in

figure 1.3:
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E =
8ma?
/\ n =39, )

n=2%Y_(x)

n=1%, )

»
>

a X

Figure 1.3.: Wave functions and energy Eigenvalues of 1-dimensional particle in a box-problem

Here, + and - define the symmetry of the wave function in respect to the center of the box: + means

symmetric, - antimetric.
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According to the respective changes in wavelength with increasing quantum number of the standing waves
within the box (see above), the energies depend on an integrate quantum number E,~n%n = 1,2, ...
Note that the lowest energy level is not zero, which is obvious from fig.1.3 since the corresponding
wave function has a finite wavelength. This finite energy of the ground state is also in agreement with
the Heisenberg relation, since zero energy would correspond to an exactly defined momentum. In
combination with a particle position limited within the box, this would, in violation of the Heisenberg

uncertainty relation, lead to Ap, - Ax = 0.

For a 3-dimensional box, the energy levels depend on a set of three independent quantum numbers, the

particle mass, and the box size, as:

hZ
~ 8m-a?

- (ne® + 1% +n,?) (Eq.1.12)

Enx,ny,nz

We will use this quantum mechanical model later to calculate molecular partition functions for

translational energy levels of molecules in the gaseous state.
ii) Harmonic oscillator:

Our second quantum mechanical model is the so-called harmonic oscillator, important to determine the
energy levels of the oscillations of chemical bonds within molecules. Like in a simple spring model, where
the force pulling back the spring is described by Hooke’s law (F = —kx, with k the spring constant),

the potential energy is given as:

V =— [ Fdx = kx? (Eq.1.13)

The Schrédinger equation yields the following solutions for the discrete energy levels:
E,=h-vy- (v +§) v=0,1,2,.. (Eq.1.14)

with basic oscillation frequency v, depending on the spring constant k and the moving mass m as

Vo = \/% (Eq.1.15)
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Statistical Thermodynamics and Spectroscopy Statistical thermodynamics

Note that in this equation defining the frequency of the harmonic oscillator vy, m is the so-called
reduced mass, which for oscillations of biatomic molecules with atomic masses m; and m,, respectively,

is defined as:

mqmyp

m=_——= (Eq.1.16)

mi+m,

This model will be used further below to calculate molecular partition functions for vibrational energy

levels of simple molecules in the gaseous state.

iii) Rotator

For molecular rotation, the energy eigenvalues (= solutions of the Schrédinger equation) are given as
Ey=h-c:B-]-(J+1), J]=0,1,2,.. (Eq.1.17)

with the rotation constant B depending on the momentum of inertia of the rotating molecule I as:

B=—— and I =Y m;s;? (Eqgs.1.18)

Click here

to learn more /8

| V 4

oply by World class - e
oy www.mdh.se mnng%g:lvmm

5 January research

17 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/mdh

Here, m; is the mass of the atom i of the molecule, and S; the distance of this atom to the molecule’s
center of mass. For biatomic molecules, we simply get I = mys;% + m,s,?, with the length of the

chemical bond given as [ = s; + s,,.

Note that the energetic levels, like in the case of a particle in a 3d-box, are degenerate, with the degree

of degeneration given as g; = 2/ + 1.

We will use this last model later to calculate molecular partition functions for rotational energy levels

of simple molecules in the gaseous state.

With these quantum chemical solutions of the energy eigenvalues E;, we can now derive mathematical

expressions for the respective partition functions in dependence of temperature T:
A) Partition function of translational energy levels (particle in a box):

As we have just shown above, the energy for a particle moving within a defined 1-dimensional box with

side length a is given as:

2p2
E,=2" (Eq.1.19)

8ma?

Compared to the thermal energy kg - T = B2, the energy differences AE = E, ., — E,, in this case are
very small. Therefore, the sum in the partition function can mathematically be replaced by an integral.
To consider a 3d-system, we have to calculate the 3™ power of the 1d-solution, since the particle motions

in directions x, y, z are statistically independent, i.e.:

3
dtr3d = (qtr,ld) (Eq.1.20)

with

2p2 © 2p2 . 2p2 L
Ger1d = Zn=1€XP (_'B ' ;lmLz) =], exp (_B ' ;lmLz) dn = [, exp (_E ' gmLz) dn =73 (Eql.21)
and the characteristic length of the moving molecule given as

A=h- [ (Eq.1.22)
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B) Partition function of rotational energy levels:

Similar to the partition function of translational energy levels, for the rotational energy levels we can
also substitute the sum by an integral, since again the energy differences, AE = Ej,; — E), are extremely

small in comparison to the range of thermal energies kg - T typically considered.

Groe = 9 (2 +1)- exp(-heB] -G+ 1)) = [ @ +1)-exp(-heB] -G+ 1)
J=0 0
1

1 -
- . _heR] - =
= ~heg g [PCheB] U+ D BT = 5o (Eq.1.23)
Note that for symmetric molecules, like for example H., this expression reduces to:
11
Qrot =735° heB B (Eq.1.24)

19
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C) Partition function of vibrational energy levels (harmonic oscillator):

Typically, the energy spacing between oscillatory eigenvalues is large compared to the thermal energy
kp - T. Therefore, this time we cannot replace the summation by an integral, but instead can apply the
geometric series criterion:

Quin = Y exp(=F - h-vo- (v +1/2)
= exp(=B - h-vy-1/2)
1—exp(=B-h-v)

= exp(—B - h-vy-1/2)- Z exp(=B - h-vy v) = (Eq.1.25)
v=0

since h-vy > kg T, exp(—f - h-vy) < 1, and therefore

1
Z exp(=B - h-vov) = 1+exp(=f ~h-vo) + [exp(=B - h-vo)] + - = T— o (—f i vo) (Eq.1.26)

v=0

Often, molecular vibrations can be excited with IR-light (for exceptions see selection rules of optical

excitation spectroscopy, chapter 2 of this book), corresponding to wavelengths of several 1000 nm.

20
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1.3 The molecular partition function and macroscopic
thermodynamic properties

In this section, I will show how the partition function is related to macroscopic, i.e. classical
phenomenological thermodynamics. We start with the internal energy, which is identified as the overall
energy of the system. Note that this assumption provides the basis for the relations between the variables
of statistical thermodynamics (q, ) and the variables of classical phenomenological thermodynamics
(U, T, ...). The validity of this assumption and its consequences on quantitative relations concerning
fundamental thermodynamic properties, like for example the temperature dependence of heat capacities

(see below), in practice had to be confirmed by experimental results.

21
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or

_ N dq _ ,dlng

qa df dap (Eq.1.28)

Note that our assumption for the derivation of the Boltzmann distribution was that all energy levels

remain constant, corresponding to a constant volume of the system. Therefore, more accurately

U=-N- (a;‘;q)v (Eq.1.29)

Alternatively, using f = (kgT)™1, we can rewrite this equation as:

U=N-kgT?- (a;‘;")v (Eq.1.30)

The overall partition function of a system of N non-interacting distinguishable particles is related to the

molecular partition function via:

Q=q" (Eq.1.31)
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And therefore:

dlnQ
U= kyT? ( It )V (Eq.1.32)

Having obtained a relation between the partition function and the internal energy, we can easily derive
expressions for other thermodynamic quantities from the mathematical relations defined in classical

thermodynamics:

For example, the heat capacity at constant volume is given as

v = (g_:)v = kpT?- (ajalTan)V + 2kpT - (a;Q)V (Eq.1.33)

This expression (and the subsequent ones) becomes much simpler if we use f = (kgT)™ ! instead of

temperature T as the variable. In this case, derivation by temperature T corresponds to:

0 _0 9B _0 (__1 \_ _p2 .90
aT ~ 9B oT  ap ( kBTZ) = —P"kp ap (Eq.1.34)
and therefore
— _p2y, .0 (_(9InQ _ 5 . p2.(9%InQ

Let us consider a few more examples, before we discuss this result for the heat capacity of gas molecules
in more detail, using the different partition functions derived above from the quantum chemical models
of molecular rotations or vibrations, respectively.
The free energy is given as

F=U-T-S (Eq.1.36)
and the corresponding total differential expression is:

dF = —SdT — pdV (Eq.1.37)

And therefore

oF il __ 9
F—T-(a—T)V—F+[3-ﬁF—U— 77nQ (Eq.1.38)
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which corresponds to:
F= —%'th (Eq.1.39)
as can easily be proven:

—BF—— In Q_E @1 Q (Eq.1.40)

Therefore, we finally get:
F+p- —F———an (Eq.1.41)

To conclude, let us derive the statistical thermodynamic expression for the entropy. For this purpose,

we use the following relation from classical thermodynamics:

F=U-T-S (Eq.1.42)
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or
¢ =UF (Eq.1.43)
Therefore,
S=k -ﬁ-(—ian+l-1nQ)=—k B-ZnQ+ky-InQ (Eq.1.44)
B aﬁ ﬁ B aﬁ B q' *
or, replacing the variables B and T, using f = (kgT)™1:

S = kB-((Zi—Eg)V+1nQ) =Z+kp-InQ (Eq.1.45)

Let us investigate how this seemingly complicated expression is related to the purely statistical definition

of the entropy,

S=k-InQax (Eq.1.46)
According to Boltzmann statistics,

InQ=N-InN—-YN,;-InN; (Eq.1.47)

with the partition function with highest probability given as:

S

N _ m (Eq.1.48)
N q

Inserting eqs. (1.47) and (1.48) in eq. (1.46), we get:

S=k- N-lnN—N-Z{@-]n(N-@)H (Eq.1.50)
with
In (N -@) =InN +Inexp (— k':T) —Ingq (Eq.1.51)
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Eq.(1.50) therefore becomes
S=k-|N-In +l-2% =k-N-Inq+= (Eq.1.52)
= q KpT q = q+z q.1.

Note that Eqs.(1.52) and (1.45) only are identical if k = kp, and Q = gV . These considerations therefore
nicely confirm the relation between the molecular partition function g and the partition function of a

system of N non-interacting distinguishable particles Q (see above, Eq. (1.31).

1.4 Heat capacities of gases, and characteristic temperatures

Let us apply our results to get a deeper understanding how the heat capacities of gases depend on
temperature. In classical thermodynamics, we have no clue why not all microscopic degrees of freedom
of a given gas molecule, translation, rotation and vibration, are thermally excitable at low temperatures.
Phenomenologically (see, for example, W. Schartl, bookboon: “Physical Chemistry — A complete
introduction on bachelor of science level”) one obtains, for example via experimental observation, the

typical behavior shown in figure 1.4.
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Heat capacities predicted by the simple model using molecular degrees of freedom only (translation,
rotation, vibration) are limiting values reached at high sample temperature. For example, the molecules
of the gas CO, have a total of 3N = 9 degrees of freedom (N = number of atoms constituting the
molecule), which are allocated as following: 3 degrees of translation (directions x, y and z), 2 degrees of
rotation (the rotational axis along the principle axis of the molecule in case of CO, has no momentum
of inertia, and therefore the linear molecule has only 2 degrees of rotation), and finally 9 - 5 = 4 degrees
of vibration, leading to a total molar heat capacity of 3 x 0.5R + 2 x 0.5R + 4 x R = 6.5R (R = ideal gas
constant, 8.314 J/(mole K). This simple theoretical concept, however, proves wrong in practice: to excite
the vibrational degrees of freedom, you need a certain sample temperature of typically much more than
1000 K for biatomic molecules (see characteristic temperatures of vibration below). Rotation is more
easily excited already at room temperature whereas translational motion is practically “for free’, i.e. the
3 translational degrees of freedom are excited already at the evaporation temperature irrespective of its
value. As a consequence, the heat capacity of the gas increases stepwise as a function of temperature,
and the position of the steps, or characteristic excitation temperatures, depend on specific molecular

parameters such as mass of atoms, bond lengths and bond strengths, as will be shown now in more detail:

A

(1)

A\ 4

T

Fig.1.4.: T-dependence of the heat capacity of gases, based on molecular degrees of freedom

With the help of statistical thermodynamics, we can calculate the transition temperatures at which
different degrees of freedom will be thermally excited, using the expression for the heat capacity ¢y (T) as
afunction of the respective partition functions of translation, rotation or vibration, and the corresponding

molecular parameters such as atomic masses, bond lengths or bond strengths.

Let us first start with molecular vibrations. The molecular partition function based on the quantum

mechanical solution of the harmonic oscillator is given as:

__exp(=p-hvy1/2)

Qvip = I—exp(—f-hvg) (Eq.1.53)
with
9%InQ
cy =kp- B (a_;z)v (Eq.1.54)
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One finally gets for the temperature dependence of the molar heat capacity, considering 1 degree of

freedom of vibration only:

I (COENC
-1

. Eq.1.55
oo %) s
with the characteristic transition temperature given as:
_ £ _ hcvy %
Ovip = ks kg kg (Eq.1.56)

Here, ¥, is the wavenumber, and v, the characteristic oscillation frequency, corresponding to the

excitation energy of the vibration.

An analogous treatment for the molecular rotation yields a characteristic transition temperature

£ hcB
Brot = E = E (Eq.1.57)
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Table 1.1 gives an overview of the characteristic transitions temperatures of vibration and rotation,

respectively, for some typical bimolecular gases:

gas Orot )k Ovib /K
H, 854 5755

HCI 15.2 4140
o, 2.06 2230
a, 0.35 810
R 0.054 310

Tab.1.1.: Characteristic transition temperatures for the excitation of molecular rotations and
vibrations of common bimolecular gases

The transition temperature for the excitation of molecular rotations depends on the rotation constant
B or momentum of inertia, and therefore atomic masses and bond lengths, whereas the transition
temperature for excitation of vibrations depends on the characteristic oscillation frequency, or on atomic
masses and bond strengths (see Eqgs. (1.57), (1.56), and section 1.2). Therefore, hydrogen with by far
the lightest atoms has the highest transition temperature both for rotation and vibration. If we compare
HCl and H,, reduced masses are differing by a factor of 2 only. We therefore would expect a vibration
transition temperature difference by a factor of about 1.4 (Sqrt(2)). This is indeed the case, indicating also
comparable bond strengths. On the other hand, comparing HCl and O, we have a difference in reduced
masses of 1:8, whereas the transition temperatures differ by a factor of 2 = SQRT(4). This indicates that
the bond strength in O, is nearly twice that in HCI, in agreement with the double bond of O, molecules
compared to the single bond of HCI molecules. Our examples illustrate how transition temperatures
depend on molecular structure, or, vice versa, how conclusions concerning molecular parameters can

be obtained from the experimentally determined transition temperatures.

Finally, it should be noted that the translational degrees of freedom have no transition temperature, but
are fully excited already at very low temperatures. This is in agreement with the extremely large values
of the corresponding molecular partition functions, showing the system has access to a large number

of thermally excited states.

1.5 Statistical thermodynamics and chemical equilibrium

To conclude this chapter, I will demonstrate how the chemical equilibrium constant can be determined
from molecular properties using the concept of statistical thermodynamics. In classical phenomenological
thermodynamics, the equilibrium constant depends on the free enthalpy difference of products and

educts, and therefore on an entropic and an enthalpic term, as:

ARG* = ARH* — T -ARS* = —R-T-InK, (Eq.1.58)
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Let us briefly recall here that in phenomenological thermodynamics it is already possible to calculate
chemical equilibrium constants as absolute values. The corresponding thermodynamic quantities of the
pure educts or products, like G*, H* or S*, are set to zero for chemical elements at standard conditions
(T =298 K, p =1 bar) as an arbitrary reference. For molecular chemical compounds, the respective
values then are determined via the reaction quantities of the formation of these molecules from the
corresponding elements. Non-standard conditions are considered by applying the respective quantitative
relations from classical thermodynamics. Let us illustrate this concept with one example, the experimental

determination of the absolute molar enthalpy of water at standard conditions:
The formation of water molecules from the corresponding elements is given by the well-known reaction
~Hy + 0, — H,0 (Eq.1.59)

Arbitrarily, the enthalpies H* of the elements H, and O, at standard conditions are set to zero. Note that
these absolute values only serve as a reference, and have no consequence on the chemical equilibrium
constant calculated using Eq.(1.58), since in this equation only differences of thermodynamic quantities
of state are used. With this arbitrary assumption of reference states for thermodynamic quantities of
state in classical thermodynamics, we finally get for our example, the formation of water molecules from

the elements:

AH* = H*(Hy0) — - H*(Hy) — H*(0;) = H*(H,0) (Eq.1.60)
The reaction enthalpy AzH* can be measured by calorimetry at isobar conditions, i.e.

AgH* = ¢, - AT (Eq.1.61)

where the heat capacity of the reaction setup c,, is typically determined by calibration, i.e. heating the
system by adding a defined amount of energy (for example by electric heating) and measuring the

corresponding increase in temperature AT.

Statistical thermodynamics, in contrast to classical phenomenological thermodynamics, provides the
connection between molecular parameters determined by quantum chemical calculations and/or
spectroscopic measurements, and chemical equilibrium constants. The entropic term in Eq.(1.58) can
be expressed by the partition functions of the product and educt species. For a simple chemical reaction
of type A = B, the number of molecules assuming the educt or product states, respectively, is given

directly by the Boltzmann probability, i.e.
- @ _N, —B-g@®)=N.
Ny =Y N = 7 Yiexp(—p-&W) = g da (Eq.1.62.1)

Np = 2N =2 % exp (=B (5P +AE)) =2 g5 - exp(=5 - AE) (Eq.1.62.2)
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with N the total number of molecules, g the partition function of the whole system consisting of educts
and products, N; 4 the number of educt molecules in the energetic state ei(A), and Nj(B) the number
of product molecules in the energetic state &; ®). g4 and qp are the molecular partition functions of
educt and product species, respectively, at identical energy values of the respective ground states. For
the occupation of states N4, Ng, within our combined system, however, we have to consider that the
energy levels of educts and products may start at different non-zero energy levels, £, = £,(4) + AE,
with AE corresponding to the reaction energy (or reaction enthalpy at isobar conditions, and negligible
change in reaction volume (AH = AU +p - AV +V - Ap) ). We finally get the following expression for
the chemical equilibrium constant in the context of statistical thermodynamics:

Ky = x—j = Z—j- exp(—(g0® — g,™) - B) = Z—j- exp(—AE - B) (Eq.1.63)
Note that this expression consists, like in classical phenomenological thermodynamics, of a purely
entropic term containing the ratio of the respective partition functions of product and educt molecules,
and an enthalpic term corresponding to the difference in energy between the ground states of products
and educts, AE = g, — g,4).
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Graphically, this concept is interpreted as following:

A
Ex

AE

A

Figure 1.5.: Chemical equilibrium and its interpretation in statistical thermodynamics. Energetic states of
educts (A) and products (B) have been chosen arbitrarily for an endothermic reaction, favored by
reaction entropy.

Educts A and products B form a combined set of energetic states &, ej(B), which are thermally
populated according to the Boltzmann probability function. As shown in the figure, in case the energy
spacing of states &; (B) js smaller than that of states &;(4), the partition function g would be larger than
q 4> corresponding to a positive standard reaction entropy (AzS* > 0). On the other hand, as also shown
in this example, the energy spacing between the respective ground states is positive, i.e. AE = AgH* > 0
, corresponding to an endothermic reaction. The chemical equilibrium constant, given by the ratio of
particles occupying systems B and A, respectively, i.e. Ky = Np /Ny, then is determined by the balance of
standard reaction entropy and enthalpy AxG* = ARH* — T - AgS™, which in statistical thermodynamics

is expressed by Eq. (1.63).
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To illustrate this concept in a quantitative way, consider the following chemical equilibrium as a

simple example:

33
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Finally, it should be mentioned that there exist other statistical models besides the Boltzmann formalism.
Since this booklet is mainly interested in illustrating the principle concepts of statistical thermodynamics,
in this chapter I have restricted myself to the Boltzmann statistics only. Strictly spoken, this approach is
limited to classical “distinguishable” particles. Quantum particles are “indistinguishable’, that is to say they
cannot be distinguished by attaching numbers to them. Willard Gibbs has developed a different formalism
by introducing so called statistical “ensembles” which allow treating systems of interacting particles (real
gases, liquids, solids). Here it is also possible to handle the “indistinguishability” of particles in quantum
gases. For the ideal gas, the partition functions should be calculated by using the Bose-Einstein-statistics,
a model assuming a large number of non-interacting particles which are indistinguishable. However,
it can be shown that at the large temperatures assumed for ideal gases the quantum expression for the
partition function becomes identical with that of classical Boltzmann statistics, since the total number of
energetic states by far exceeds the number of molecules (see, for example, the large value of the partition

function of translation for simple molecules calculated above).

Another statistics is the Fermi-Dirac statistics, which explicitly takes into account the Pauli principle
that each energetic state can only be occupied by one particle. This statistics is especially important if
one would like to calculate the properties of electrons. Note that the result of the Fermi-Dirac partition
function again is identical to that of the Boltzmann formalism in case of “large temperatures” where the
total number of thermally accessible energetic states is much larger than the number of particles. This

is the case for molecules, but not for electrons with their much lower mass.
For a more detailed discussion of these aspects of statistical thermodynamics, which is beyond the

intentional scope of this booklet, the interested reader is referred to textbooks of Physical Chemistry.

34
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2 Optical spectroscopy

In the 2" part of this book, I will present the quantum chemistry treatment of optical spectroscopy. After
a brief repetition of complex numbers needed to understand the following mathematics, and a section
about the qualitative principles of optical spectroscopy, the third section will provide an introduction
into quantum chemical perturbation theory. This theoretical part will be followed by the discussion of

some of the most important fundamental optical spectroscopic methods.

2.1 Mathematical background — complex numbers

Before we introduce the mathematical/quantum chemical formalism of optical excitation spectroscopy,
I feel it is necessary to introduce/repeat the principles of complex numbers. The basis of this concept is

the definition of the imaginary unit:

i = \/__1 (Eq.2.l)
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Whereas real numbers can be visualized in a one-dimensional coordinate system, complex numbers of
type A + B - i (A, Bbeingarbitrary real numbers) afford a two-dimensional coordinate system (xy-plane),
where the real part of the number is associated with the x-axis, and the imaginary part B is associated
with the y-axis. In this picture, complex numbers correspond to two-dimensional vectors. The absolute

value of a complex number, or length of the vector, then is given as:

A+B-i - |A+B-i|=yJ(A+B-i)-(A—B-i)=VAZ +B? (Eq.2.2)

If we introduce the complex conjugate number, we can express the absolute value of a complex number

alternatively as:

A+B-i=Z , A-B-i=7" > |A+B-i|=VZ-Z*=|Z|? (Eq.2.3)
Note that our complex number A + B - i can also be expressed as following:

Z=A+B-i=|Z| et®9I® (Eq.2.4)
where the argument of the complex number arg(Z) corresponds to the angle the vector forms with the
x-axis, as shown in figure 2.1. The real and the imaginary part of the complex number Z =A + B - i
then are given by the following trigonometric relations:

A=|Z| -cos(arg(Z)) (Eq.2.5.1)

B =|Z]| -sin(arg(Z)) (Eq.2.5.2)

arg

v

Figure 2.1: Complex number Z = A + B - i represented by a vector in 2d-number-space (in red),
Re = axis of real part, Im = axis of imaginary part, arg = argument.
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These expressions (see Eqgs. (2.5)) lead us directly to the so-called Euler-equations, which make the
solution of differential equations containing functions which, for example, are periodic in time, much

easier, as will be seen in the next section.

e =cosx +i-sinx (Eq.2.6.1)
e™ ™ = cosx —i-sinx (Eq.2.6.2)

The concept of complex numbers is very important in science whenever we have a so-called phase-shift
between two physical quantities which are periodic in time. For illustration, let us consider electric
alternate voltage and electric alternate current (AC): in case of a constant electric current (DC), the
relation between voltage and current is simply given by Ohm’s law U = R - I. In contrast, if we consider
our daily alternate voltage system, the relation is more complicated: in this case, the resistance R can be
represented by a complex number, and the input voltage as a cosine function of certain frequency (50
Hz in Europe, 60 Hz in the US). As a result of multiplying this cosine function with a complex number,
the resulting current is a cosine function with the same frequency as the voltage but potentially shifted
in phase between 0 and 90°, depending on the real part and the imaginary part of the complex resistance

(also called impedance of the electrical circuit).
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Let us consider this concept in more mathematical detail: within the plane of complex numbers, a

function which is periodic in time, with a given frequency v, can be defined as:
f(t) — ei~2n-v-t — ei-w-t (Eq.2.7)

Here, w is the angular velocity, directly related to the oscillation frequency as w = 27 - v. One may
visualize the function f(t) asa unity vector in 2d-space of complex numbers, rotating counter-clockwise
around the origin of the coordinate system. The argument of the complex number arg(Z) then changes

periodically with time, starting at 0°, corresponding to the vector lying at the x-axis at t = 0 (see figure 2.2.):

arg

v

Re

Figure 2.2: Periodically changing complex number represented by a vector in 2d-number-space (in red),
turning counter-clockwise with time as indicated by the arrow.

According to the Euler equations, a simple cosine function, that is, a periodic function with no imaginary

part, would then be given as:
cos(w - t) = % (eb@t 4 gmtwrt) (Eq.2.8)

Within our picture of vectors rotating within the complex numbers plane with time, this would correspond
to the addition of two unity vectors both starting at the x-axis, and then one rotating counter-clockwise, the
other rotating clockwise with time, both having the same angular velocity w. In this case, the imaginary
parts of both vectors would cancel each other in all cases, whereas the real part would change from 1 to

-1 periodically, with angular frequency w, as expected for the simple cosine function.
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Next, let us consider the multiplication of a complex quantity, changing periodically with time, with
a complex number in mathematical detail. This problem corresponds exactly to the alternate voltage-
alternate current circuit with complex resistance (or impedance) described above. In general, we can

express a complex alternate current periodic in time as:
[=1,-et@t (Eq.2.9)

with I, the amplitude or maximum current. The resulting voltage then depends on this current according

to a generalized form of Ohm’s law:
U=R-1=|R|- elarg(R) . Io- elwt — IR| - I, - el(arg(R)+w-t) (Eq.2.10)

Mathematically, the voltage therefore corresponds to a vector in the complex number plane of length
|R| - Iy, starting at an angle arg(R) in respect to the x-axis (at t = 0), and rotating counter-clockwise
around the origin with angular velocity w. Therefore, the voltage is shifted in phase, compared to the
electric alternate current, by arg(R), and we have shown that multiplying a function periodic in time

with a complex number corresponds to a phase shift by the argument of the complex number.

Finally, another important example for the use of complex numbers in physics and materials science
is mechanical spectroscopy: the sample is exposed to a periodic deformation, and the force necessary
to achieve this deformation is measured as a function of time. If the sample is purely elastic (or solid),

force and deformation will be in-phase, following Hook’s law:
F=k-x (Eq.2.11)

On the other hand, if the sample is a simple liquid, the force and deformation are shifted in phase by

90°, according to the Newton equation of viscosity:
F/A=n-dv,/dz=n-v,/d =n/d-dx/dt. (Eq.2.12)

Here, A is the area of a thin liquid sample layer sheared in x-direction, and d is the total thickness of
this liquid layer. dv, /dz is the so-called shear rate, or velocity gradient of liquid layers perpendicular
to the shear direction. The meaning of Eq.(2.12.) is, simply stated, that, if the deformation is given by
a sine function in time, the corresponding force to achieve this periodic deformation then would be a

cosine function in time with identical frequency as the deformation.
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So called viscoelastic materials, which show both viscous and elastic behavior at the same time and
therefore show deformation-force phase shifts between 0° and 90°, for example concentrated polymer

solutions or polymer melts, are best described by a complex viscosity:
n=n+in" (Eq.2.12)

where 1’ corresponds to the elastic part or storage modulus (solid-like behavior, Hook’s law), and 1"
corresponds to the viscous part or loss modulus (liquid-like behavior, Newton’s law). In this case, the

so-called loss angle is defined as:

"

tan§ = ’j’— (Eq.2.13)

The angle & corresponds to the phase difference between the periodic deformation of the sample and the
corresponding periodic force. For example, in case the elastic part and the viscous part of the sample are
identical in value, force and deformation correspond to complex numbers periodically rotating around

the origin of the complex numbers plane, with a phase difference of § = 45° between, i.e.:
x=xyexp(i-w-t) (Eq.2.14a)
F=Fy-exp(i-(w-t+45°%) (Eq.2.14b)

with x, the maximum deformation, and F, the amplitude of the oscillatory force.
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Let us practice the calculation with complex numbers with a few examples:

41
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2.2 Principles of spectroscopy

=

A E2

\ 4

E1 E1

Figure 2.3.: Schematics of absorption (left) and emission (right) spectroscopy as energetic transitions between
energy eigenvalues E, and E,, involving either absorption or emission of light of energy AE = E, — E; = hv = h%.
See text for details.

Optical spectroscopy deals with the absorption or emission of electromagnetic radiation in connection
with a transition between energetic states of atoms or molecules. Depending on wavelength and therefore
energy of the radiation, one may address transitions between electronic states (UV/Vis), molecular
vibrations and rotations (IR and microwaves, in case of molecules only), or magnetic states of the
nucleus (radio waves). An optical absorption spectrum in terms of probability of light absorption in
dependence of the wavelength of the incident light then directly depends on the energy eigenvalues
and therefore is characteristic for a given molecule. Consequently, the spectrum may be used as a finger
print in qualitative chemical analytics. For quantitative analytics, one can determine the absorption of
light at given wavelength, and the concentration of a substance in solution is then given by the law of

Lambert-Beer:
1
log (Z) =—€-c-d (Eq.2.15)

with [, the intensity of the incident light, I the intensity of the light passing an optical cuvette of thickness
d, €, the molar decadic extinction coefficient specific for a given molecule and wavelength of incident

light, and the molar concentration of this molecule in solution.

As shown in fig.2.3, the energy of the electromagnetic radiation absorbed to trigger the transition between

different energetic states of the molecule is given as:

AE=E,—Ej=h-v=hZ=h-c7¥ (Eq.2.16)
with h = 6.626 - 1073% ] - s the Planck constant, v the frequency, A the wavelength, and ¥ the wave
number of the incident radiation, which is often used as the characteristic parameter in optical spectra: in

contrast to the wavelength A, ¥ is directly proportional to the energy of the transition. ¢ = 3 - 108 m/s

is the velocity of light in vacuum.
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Wave lengths, wave numbers, energies and frequencies of electromagnetic waves are summarized in
figure 2.4:

wave length /nm 10 200 400 750

X ray far UV near UV IR
wave number /cm-" 108 5-10* 2,5-10* 1,3-10*
frequency /s 3106 15-10" 7,5-10" 4-10"

energy /kJ/Einstein 11970 598,7 299,4 159,1

Figure 2.4.: wave lengths and energies of the electromagnetic spectrum (1 Einstein = 6.02e23 photons)

In table 2.1, some important spectroscopic methods, including the corresponding transition energies

and the detected molecular properties, are summarized:

A v v/cm™! AE / kJ/mol | molecular transition method

100 m-Tm 3 MHz-300 MHz 10#-0.01 || 105-10* nuclear spin NMR

1cm-100 um | 30 GHz-3-10"?Hz 1-100 0,01-1 molecule rotation microwave

100 ym-1 pum | 3-10'2Hz-3-10“*Hz | 100-10* 1-100 molecule vibration IR, Raman

1 um-10 nm 310 Hz-3-10"*Hz | 10*-10° 100-10* outer (binding) electrons | UV/Vis, fluorescence

Table 2.1: some important spectroscopic methods

Next, let us consider some important principles of optical absorption spectroscopy in a qualitative way:

43

Download free eBooks at bookboon.com



i) The Franck-Condon-principle: during an electronic transition of molecules, caused by absorption of
UV/Vis-light, the positions of the atomic cores remain unchanged because of the short time scale or
high frequency of the incident light (Vo = 10'° s™). Note that the excitation of an electron usually
causes a decrease in strength of the chemical bond, and therefore the Morse potential (= potential of
binding energy) of the excited electronic state in respect to that of the ground state is not only shifted
to higher energy but also to larger interatomic distances or bond lengths (see fig.2.5). The probability of
the electronic transition triggered by light absorption then is given, amongst others, by the overlap of
the wave functions of the ground state and the excited state. The transition between electronic states of
a molecule upon UV/Vis-absorption therefore usually is combined with the transition from a ground
state of molecular vibrations to an excited vibrational state (lifetime T ~ 10712 ). This, in combination
with a rapid radiation-less decay of the excited molecular vibrations, is the reason for the red shift of the

emitted fluorescence light in respect to the wavelength of absorption (see fig.2.5).

> r

Figure 2.5.: electronic transition and the Franck-Condon principle (E = energy, r = interatomic distance
or bond length): the transition has the largest probability at maximum overlap of the wave functions of
the ground and the excited state. This, in combination with a rapid radiation-less decay of the molecules
vibrations (dotted black arrows), explains why the emitted light (red) is shifted towards longer wave
length (in respect to the absorbed light (blue)).
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ii) For molecules, each electronic state corresponds to a given strength and length of the chemical bond
and, correspondingly defines a Morse attraction potential of chemical binding. Each electronic energy
level is, like a fractal system, divided into vibrational states, which themselves are further divided into

rotational states:

Figure 2.6.: “Fractal” energy levels: each electronic state (black) contains a set of
vibrational states (red), which themselves contain a set of rotational states (blue).
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Whereas the transition between electronic states is triggered by the absorption of UV or visible light,
the molecular vibrations within a given electronic state are addressed with radiation of much longer
wavelength, IR, and the rotational states within a vibrational level are addressed with even longer
wavelength radiation, microwaves. On the other hand, an electronic transition always contains a set of
vibrational and rotational excitations, wherefore molecular UV/Vis-spectra, in contrast to the spectra of
atoms, do not show sharp lines but characteristic broad absorption bands, if the absorption (see Eq.(2.15))
is plotted versus the wavelength of the incident light. Note that at high spectral resolution (which can be
achieved for gases at low pressure and low temperature) the molecular absorption spectrum may consist

of multiple absorption peaks, each with a very small spectral bandwidth (see below).

iiii) Molecular transitions can only be triggered by the absorption of light if not only the wavelength is
fitting to the energy difference between ground and excited state, but also if the electric dipole moment
of the molecule is changing with the transition. This can be understood qualitatively if we consider that
light is an electromagnetic wave, which energetically can only couple to a molecular transition via an
interaction of its electric field vector with the dipole moment of the molecular transition (Fermis’s golden
rule, see next section). For example, the symmetric oscillation of a CO,-molecule cannot be detected by
absorption of IR-light, since the dipole moment does not change for this mode of molecular vibration.
On the other hand, the asymmetric vibration of the CO,-molecule can be detected by IR-absorption,

since here the vibrational motion leads to a change of the dipole moment.

iv) So far, we have ignored the fact that in practice (and in contrast to Fig.2.3) the energy difference of
the spectral transition is never exactly defined, and therefore all peaks in an optical excitation spectrum

show a certain spectral bandwidth (see Figure 2.7):

v

Figure 2.7.: Typical optical absorption peak, and spectral bandwidth FWHM (full width at half maximum), transition
frequency v = vy + Av
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This bandwidth is depending on different physical contributions. The most important are:
a) The natural bandwidth, given by the Heisenberg uncertainty principle as:
Av-T=— Eq.2.17
VT = (Eq.2.17)
with 7 the lifetime of the excited state:

b) The Doppler shift based on the Doppler effect. For gas molecules of mass m at temperature

T, the corresponding spectral bandwidth is given as:

Av = v, % B'I:EIT “In2 (Eq-2.18)

Here, the average velocity of the gas molecules, according to kinetic gas theory, is given as:

8'kB'T
mm

(u) = (Eq.2.19)

kg - T is the thermal energy per particle (see Chapter 1).

c) Larger bandwidths due to molecular interactions/collisions

[ ]
B By 2020, wind could provide one-tenth of our planet's

ra I n p O W e r electricity needs. Already today, SKF's innovative know-

how is crucial to running a large proportion of the

world’s wind turbines.

Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
jcation. We help make it more economical to create

Therefore we'need the best employees who can
eet this challenge!

T@f Power of Knowledge Engineering

'-r?a-.i

Plug into The Power of Knowlé! ngineering.
Visit us at www.skf.com/knowledg.\a

» .
VRS

47 Click on the ad to read more

Download free eBooks at bookboon.com


http://www.skf.com/knowledge

Statistical Thermodynamics and Spectroscopy Optical spectroscopy

For illustration, let us consider an absorption peak of hydrogen molecules in the gaseous state at room

temperature:

48
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2.3 Quantum mechanical treatment of spectroscopy

For the mathematical treatment of optical spectroscopy, let us consider, for simplicity, a molecular system
consisting of two energetically different quantum chemical states m, n only, and a transition between

these states mediated by the absorption of light (electromagnetic radiation) (see fig. 2.8):

&

Figure 2.8.: Schematics of optical absorption spectroscopy for a two-state-system
The probability of this transition depends on the following conditions:

i) The electrical dipole moment of the molecule has to change during the transition, because
otherwise the electric field vector of the incident light cannot interact with the molecule and
transfer energy.

ii) The intensity of the transition is depending on the Boltzmann distribution - the larger the

excess of molecules in the ground state before the transition, the more intense it is:

N, En—E,
n [_ En—Em N, & Ny, (Eq.2.20)

kgT ’

iii) The energy of the incident radiation has to match the energy difference of the two states,
h-v=E,—Ep, (Eq.2.21)
iv) There are certain selection rules besides (i) and (iii) defining the principle possibility of any
energetic transition which can be triggered by absorption of electromagnetic radiation.
v) Finally, looking closely, the transition is energetically not as defined as one might deduce

from the simple sketch (fig. 2.8), but in an optical spectrum the absorption peak even for

atomic spectra has a finite bandwidth in energy, or frequency, Av.

This last aspect (v) already has been addressed in detail at the end of the preceding section.
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To derive a quantitative picture for optical absorption spectroscopy, we introduce the time dependent
Schrodinger equation, combined with a simplified linear perturbation theory. The time-dependent

Schrodinger equation is given as:

a1l1(q t)

Hy(q,t) = in- (Eq.2.22)

The general solution of this equation for the space- and time-dependent wave function, (g, t), can be
separated into a time-independent part f(q)- depending on the spatial coordinates (x, y, z), abbreviated

simply as coordinate g - and a time-dependent part @(t):

Y(q,t) = f(q) () (Eq.2.23)

This expression for the time-dependent wave function now is inserted into the Schrédinger equation,

leading to:
A(f@ - o) = i - 2L220) (Eq.2.24)

Separation of the variables g and ¢ then yields

_ 1. 000

Since the left and right side of this equation depend on a different set of variables, each expression has
to be constant to fulfill the relation. To start with, we define this constant as E, and will see immediately

that it corresponds to the energetic eigenvalues of the stationary time-independent Schrédinger equation:

Hf(@=E f(q (Eq.2.26)

L.ih.a‘p(t):E

o) = (Eq.2.27)

Eq. (2.26) is exactly the stationary Schrodinger equation, and the time-independent part, f(q), of our
combined wave functions, ¥(q,t) = f(q) - ¢(t), therefore directly correspond to the standard solutions.
The 2nd expression (Eq.(2.27)) is a comparatively simple differential equation, leading to:

p(t) = e iEL/R (Eq.2.28)

Therefore, the general solution of the time-dependent Schrédinger equation is given as:

Y(g,t) = f(q) - e EL/A (Eq.2.29)
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For our two-state system, we correspondingly obtain 2 different time-dependent wave functions as

mathematical solutions, given as:

U (@, 1) = fin(q) - e Emt/ (Eq.2.30.1)
Un(q,t) = fr(q) - e~ Ent/h (Eq.2.30.2)
Note that the time dependence corresponds to a periodic oscillation, with frequencies v,, = E,/h or

vy, = Ey /h, respectively. On the other hand, the linear combination of these 2 functions is also a solution

of the time-dependent Schrodinger equation:

Y(q,t) = Cm P (q,t) + ¢y Pr(q,t) (Eq.2.31)

Here, the time-independent factors c,, and ¢, are complex numbers with values between 0 and 1,

designating the relative contribution of each wave function to the overall time-dependent combination.
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So far, we have not yet considered the contribution of the incident electromagnetic wave to our quantum
chemical system. For this purpose, we introduce the perturbation operator H’, assuming that the
perturbation is comparatively weak so it only triggers a molecular transition and does not change
the energy levels of the unperturbed molecule themselves, i.e. A’ < H. As a consequence, also the
stationary wave functions f(q) are unchanged compared to the non-perturbed case, and the transition

is mathematically described only in terms of a change of the coefficients, c,,(t), ¢, (t), with time.

Inserting the new combined Hamiltonian H + A’ into the time-dependent Schrddinger equation, and

eliminating the terms corresponding to the unperturbed Schrodinger equation on both sides, then leads to:

dcy, (t) dc, (1)
ot +Yn(q,t) - ot

H'[cn(8) - ¥m(q,t) + cu () * Y (q, )] = it [th (g, 8) - (Eq.2.32)
Let us assume that at time ¢ = 0, the system is completely in the ground state, leading to the initial
conditions for the differential equation ¢,,(t) = 1, and ¢, (t) = 0. Inserting these initial conditions in
the above equation, multiplying with the complex conjugate wave function 1,,"(g, t), and integrating
over the variable g, while considering that the wave functions have to be orthogonal and normalized,

finally leads us to:

dcn \ ~
Cat(t) = % J ¥ (a.0) - H' (g, t)dq (Eq.2.33)

This expression describes the initial rate with which the excited state will be occupied once the
perturbation, in form of the incident electromagnetic wave, is switched on. As mentioned, here we

have used the orthogonality and normalization criteria of quantum mechanical wave functions, given as:
[ (q,t) Y (g, t)dg = 0 (Eq.2.34.1)
J " (@) ¥nlg, t)dg =1 (Eq.2.34.2)

To solve Eq. (2.33), we need a detailed mathematical formulation for the Hamiltonian of perturbation
H'. The interaction energy upon absorption of an electromagnetic wave is classically given by the electric
field of the incident light multiplied with the dipole moment of the light absorbing molecule. Note that
the electric field is a vector, and the dipole moment in the quantum chemical description becomes a

vector operator, i.e.:

and

E = E, - cos(2mvt) = %EO - {e?mVt 4 gm2mivt} (Eq.2.36)
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E, is the amplitude vector of the electric field of the incident light, and v is the frequence of the light.
Here, we introduced the complex exponentials for the cosine according to the Euler expression to facilitate
the solution of the differential equation (see Egs. (2.6.) and (2.8.), above). Inserting the expression for

the perturbation operator we therefore have to solve the following differential equation for c,, (t):

dcy E i —27Ti * ~
Cat(t) — ﬁ . {emwt +e vat} P (@, t) - Aivm(q t)dg (Eq.2.37)
with
Un(q,t) = fr(q) - e Ent/h (Eq.2.38)

To separate the time-independent part, we next introduce the transition electric dipole moment R,
defined as:

Rum = [ £,7(@) " fi fru(q)dq (Eq.2.39)

Multiplying the time-dependent complex exponential functions respectively then leads to:

0cn(t) _ Eo | (i-(En-Em+hv)t/h o i-(En—Em—hv)t/R) . B
ot 2ih {e te } Ryum (Eq.2.40)

This differential equation is quite easily solved because of the exponential function, and we finally get:
Ey 3m t (B — . i-(Ey—E, —hv)- Ey 3m
Cn(t) _ Cn(O) — ﬁ “Rpym - fo{el(En Em+hv)-t/h + el(En Epm—hv) t/h}dt — ﬁ,an .

(Eq.2.41)

t
[#, ol En=Em+hvyt/h R | ei-(En—Em—hv)-t/h]
i(En—Em+hv) i"(Ep—Em—hv) 0

If we also consider that, for resonance conditions, i.e. E,, — E,, — hv = 0, the first term in the brackets

[---] in Eq. (2.41) can be neglected in respect to the 2™ term which becomes very large, we finally get:

By (1-elEn-Em-hv)t/h)
' "Nam

c,(t) = Py E—E,—hv (Eq.2.42)

This expression is a complex number. For practical interpretation, we therefore refer to its absolute

value squared:

02 5 (1= el En—Em—mv)t/hY (1 _ o—i(En—Em—hv)t/h
an - { } - {

2 _ * . - .
|Cn(t)| - Cn (t) Cn(t) 4 En _ Em _ hV En — Em — hv

el

} (Eq.2.43)
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Using the Euler equations and the 3" Binomial formula, this expression leads us to:

2 1

- 2
2 _E . p } .
en (@ =2 R g

(2—2-cos((E, — Eyy — hv) - t/R)) (Eq.2.44)

since:
(1 — e EnEm=hVt/Y . (1 = g=E(En—Em—tv)t/h) =
= (1 —cos((E, — Ep, — hv) - t/h) — i - sin((E, — E,, — hv) - t/1))
(1= cos((E, — Em — hv) - t/h) + i - sin((E,, — Ep, — hv) - t/R)) =
= (1 —2-cos((E, — Em — hv) - t/h) + [cos((Ep, — Eyy — hv) - t/h)]2 + [sin((E,, — Epy — hv) -
t/fl,)]z) (Eq.2.45)

Next, we use the cosine addition theorem (1 — cos2x) = 1 — cos? x + sin? x = 2 - sin® x to obtain:

2 4-sin?((En—Em—hv)-t/(2h))

T (Eq.2.46)

S 2
E, =g
len (D17 = % "Rum

Finally, as the last step, we consider the fact that the radiation may contain multiple frequencies, i.e.
is not strictly monochromatic, and therefore we have to integrate over the frequency spectrum of the
incident light:

- 2

E = 2 oo (4-sin?((Ep—Em—hv)t/(2h)
len®I? == Ry f_oo{ ((E:_EZ_M)Z )}dv (Eq.2.47)
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This integral is more easily solved if we reformulate the integrand {-- } as:

- 2 . 2[En—Em—hv 2
B2 L 2 o |sin?|FREmTWly
le, (D)2 = ﬁ “‘Rym - f_m{ E[H_E;h_ — 2] }dv (Eq.2.48)
( 2n )
or
z_foz = 2 o5 2h oo (sinZx
|Cn(t)| =z Rym - t°- it _OO{ 2 }dx (Eq.2.49)
Here, we have used that the variable x = [%’;_hv . t] is introduced into the integrand via
dx _ _ht
dx = (E) dv = o7 dv (Eq.2.50)
oo ia2
With f_oo {SL;LZ x} dx = 1, we end up with a fairly simple expression:
- 2
E - 2
len (O =25 Ram -t (Eq.2.51)

This expression, a simplified form of Fermi’s golden rule for the transition between two energetically
well-defined quantum chemical levels, states, simply spoken, that the probability to find molecules in

the excited state n after incident irradiation is depending on the following important factors:

i) The electric field amplitude of the incident light squared, EOZ
ii) The transition electric dipole moment squared, R,

iii) The duration of irradiation, t
Especially condition (ii) is responsible for the selection rules of spectroscopy and explains, for example,

why the vibrations of homologous diatomic molecules, like Cl,, cannot be excited by the absorption of

infrared light.
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24 Optical spectroscopic methods
241 UV/Vis-absorption and emission, molecular electronic transitions

We conclude this section by reviewing the spectroscopic transitions between electronic states of molecules
in more detail. The following scheme, called Jablonski-diagram, summarizes the possible transitions
(see fig.2.9):

Ph

iy So

Figure 2.9.: Jablonski diagram showing electronic excitation and different pathways of energy relaxation
(with and without (dotted) radiation absorption/emission). Circles indicate the electronic configuration of the
respective electronic states, spins included. See text for details.

Upon UV/Vis-irradiation and absorption of light (A), the molecule shows an electronic transition from
the ground state (in combination with the corresponding vibrational ground state, which, at room
temperature, according to the Boltzmann distribution is the only vibrational state accessible by most
molecules) S to an excited electronic state S, or S.. Since this electronic excitation usually is combined
with a reduction of the molecular bond strength, the average bond length will increase, leading to a
maximum spectral overlap for the wave function of the vibrational ground state of S, with the wave
function of an excited vibrational state of S, or S, (see also fig.2.5). For convenience, we have repeated

figure 2.5 here again.
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Optical spectroscopy
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Figure 2.5.: electronic transition and the Franck-Condon principle (E = energy, r = interatomic distance
or bond length): the transition has the largest probability at maximum overlap of the wave functions

of the ground and the excited state. This, in combination with a rapid radiation-less decay of the

molecules vibrations (dotted black arrows), explains why the emitted light (red) is shifted towards

longer wave length (in respect to the absorbed light (blue)).
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Next, the excited energy is partially converted via a rapid radiation-less decay mechanism, called internal
conversion (time-scale: 102 seconds) (IC), into heat, before radiation is emitted during the electronic
energy transition from the vibrational ground state of S, to an excited vibrational state of S| (F). This
emission called fluorescence, on a time-scale of 10° - 10 seconds, is therefore shifted, in respect to the

wavelength of the incident light, towards longer wavelengths (red-shift).

Some molecules, especially those containing heavier atoms like sulfur (S) or phosphor (P), show a
competing process, a transition from S, (singlet, total spin of electrons § = 0, with spin multiplicity
2§ +1=1) to an excited triplet state T  (triplet, = two electrons with parallel spin, yielding a total electron
spin of S = 1, with spin multiplicity 25+1 = 3). For the exact definition of the spin, the interested reader
is referred to any standard textbook of quantum chemistry. This singlet-triplet transition process, called
intersystem crossing (ISC), is usually forbidden and therefore very slow, since it violates the physical
principle of the conservation of the angular momentum. However, in case of heavier atoms, the change in
the electron spin may be compensated by a corresponding change in the electrons angular momentum, a
phenomenon called “spin-orbit-coupling”, which strongly accelerates the ISC to a time scale where it can
compete with fluorescence (about 10 s). From the excited triplet state, the system decays via emission

of radiation on a very slow time scale (1-100 s) which is called phosphorescence (Ph).

24.2 IR absorption — molecular vibration and rotation transitions

As an illustrative example how to extract molecular characteristics from an optical spectrum, let us
consider the rotation-vibration spectrum of HCl in the gaseous state at low pressure and low temperature
(= high spectral resolution and small spectral bandwidths). Only in this case, the energetic levels are well-
defined to allow the separate detection of individual rotational levels within the vibrational excitation. At
higher pressure, or even in the condensed phase, an increase of the spectral bandwidth, mostly due to
intermolecular interactions and collisions, leads to a comparatively blurred broad absorption band with

no spectral fine structure. The allowed transitions and the resulting spectrum are sketched in figure 2.10.

Ext. 4

>

Aj=-1 A =+1 wave number

Figure 2.10.: Energy transitions (right) and corresponding rotational-vibrational spectrum of HCI (left). The dotted line
corresponds to the hypothetical transition AJ = 0 not found in the HCl-spectrum. Note that here the phenomenon of
rotation-vibration coupling has been ignored (see below)
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The selection rules of allowed energetic transitions for the spectrum sketched in fig.2.10 are Av =+1,
i.e. vibrational excitation by one energy level, and A] = +1, i.e. rotational excitation with a change in
rotational quantum number by +1. Note that the selection rule A] = +1 is based on the conservation
of the total angular momentum of rotation, a principle also known in classical physics: the photon has
a rotational momentum or spin of 1, and therefore the loss of this spin upon light absorption has to be

compensated by a corresponding change of the rotational state of the molecule.

These selection rules lead to a spectrum containing two series of peaks, one corresponding to A] = +1
at higher wave number, and the other corresponding AJ = —1 to at lower wave number. The gap in
between, formally corresponding to A/ = 0, reflects a hypothetic purely vibrational transition, and the

corresponding wave number allows to directly extract the bond strength k using:
v
==, v= |~ (Egs.2.52)

The mass of vibrating atoms at given bond strength may have a strong influence on the energy of the
vibrational states, or the peak position in an IR-absorption spectrum. This effect of atomic mass on
the vibrational energy is best illustrated by the IR- or Raman-spectra of organic molecules containing
either hydrogen or deuterium. The doubling in mass has a correspondingly strong isotope effect in the
spectrum, i.e. a shift in transition energy by a factor of V2 (see Eq.2.52). Note here that the reduced
mass U has to be considered to calculate the vibrational frequency, which for biatomic molecules with
atomic masses m, and m, is given as:

mqm;

p= e (Eq.2.53)
On the other hand, the energy spacing between the two peaks closest to this gap allows one to extract

the bond length, since it is directly related to the rotational energy or moment of inertia.

Finally, one should note the interesting intensity distribution within a peak series: at room temperature,
typically the 3 peak shows the highest absorption intensity. This is caused by the fact that, according
to the Boltzmann distribution, the 3" rotational state has the highest probability, as a compromise of its
degree of degeneration (which scales as (2] + 1)) and the exponential term in the Boltzmann probability
function, i.e.

Ny

- : _heBJG+1)
N 2j+1) exp( pe= ) (Eq.2.54)

Download free eBooks at bookboon.com



Statistical Thermodynamics and Spectroscopy Optical spectroscopy

with hcB -] - (J + 1) the rotational energy of the state with rotational quantum number J, and B
the rotational constant which is given by the moment of inertia of the rotating molecule, i.e. atomic
masses and bond length. Finally, one should note that the absorption peaks in the spectrum actually
are double-peaks, which is due to the fact that Cl-atoms are found in form of two isotopes of slightly

different atomic masses.

In most cases, the spectrum is not as symmetrical as sketched above, but shows a red-shift of all
transitions due to rotation-vibration-coupling: the average bond length, and therefore the moment of
inertia and the rotational constant B, depends on the vibrational state. Typically, the anharmonicity of
the oscillation potential leads to B (v=1) < B (v=0), as shown in figures 2.11 and 2.12. As a consequence,
all transitions, as shown schematically in figure 2.12, are energetically smaller compared to the ideal case
of a harmonic oscillator potential, with constant B independent of vibrational state v, and the spectrum

is asymmetrically shifted to shorter wavelengths. The change of the average bond lengths with vibrational

excitation is illustrated in figure 2.11:
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1
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r

Figure 2.11.: Inharmonic or Morse potential, and increase in average bond length upon excitation of
vibrations as indicated by the dotted arrow.

vy Ext. 4

R T T

y=-1 N =+1 wave number

Figure 2.12.: Energy transitions (left) and corresponding rotational-vibrational spectrum of HCI (right), asymmetry
caused by rotation-vibration-coupling. Dotted line corresponds to the hypothetical transition AJ = 0 not found in
the HCl-spectrum.

If we define B (v = 0) as B’, and B (v = 1) as B”, then rotation-vibration coupling leads to an energetic
separation (in terms of wave numbers) of the two spectral series by 2 B’ + 2 B”, compared to 4 B for the

strictly harmonic case.

Before we conclude this section about high resolution IR rotation vibration spectra with a numerical
example, let us consider how the moment of inertia of a diatomic molecule like HCI depends on atomic
masses, applying again the concept of the reduced mass (see Eq.2.53). Our molecule is defined in
figure 2.13:

m1

Figure 2.13.: Sketch of a diatomic molecule with atomic masses m,, m,, and distances of the
atoms to the center of mass r,, r,, respectively.
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The center of mass of this molecule is given by the condition;
mp-r=my;-nr (Eq255)
with the total bond length corresponding to | = 1y + 1.

The moment of inertia also depends on the reduced mass (like the oscillation frequency, see Eq.(2.52)),
and on the total bond length, as can be shown easily:
my - (my +my) -1 +my - (ny +my) -1y

I=2m--r-2=m1-r12+m2-r22= =
P (my +my)

m12_r12 m22'7"22

=—+ .r2+ 2
(my + my) Hon

—c =
(my +my) T2

my 2 2 M 2 2
= —" T + T + —- T + T —
m, U1 H-rn m, H " TU T
Sl R R P TR PRt TR R P TR PR

=u-(?+2'rrm+n?)=

=u-(n+n)=u-1? (Eqs.2.56)

Finally, we conclude this section with one numerical example:

Example 2.2:
In the high-resolution IR spectrum of HCl, measured for a gaseous sample at low pressure, we

find a band gap at frequency 8.66 - 1013 s, and an inner spacing between the two series of
rotational transitions of 0.12 - 1013 s71 (see also fig. 2.10). Calculate the bond strength and
bond length of the molecule. (note: ignore the rotation-vibration coupling and the dissymmetry
of the spectrum, and simply take the inner band gap as 4B)

Solution:
(i) bond strength
For the HCI molecule, the needed reduced mass is

_ MH'MCl _ 135
“My+M; 1+359

u /Mol = 0.98 g/Mol

Note that this is almost the mass of the hydrogen. Substituting the midpoint frequency into the
expression containing the bond force constant gives:

k
2m-v =6.28-8.66-1013s71 = ;

0.98-1073

— . . 13y2
k= (628866101 ———

N/m =481 N/m
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(ii) bond length

The separation between the two series of spectral peaks is four times the rotational energy
change from quantum number J = 0 to J = 1. This energy is related to the momentum of inertia,
ie.

AE=h-c4B=2h-c 4 -—2 =h-012-1013 51 , with [ =pu-12

I 8m2-c

Therefore, the bond length is given as:

2 = h B 6.626- 1073
C p-2-m2-012-1013s71 0981073
6.02-10%3

m? = 1.72 - 1072° m?

2-m?-0.12-1013

This corresponds to a bond length of 0.13 nm.

243 Raman scattering — molecular vibration transitions

As already mentioned, not all molecular vibrations can be excited by optical irradiation: Fermi’s golden
rule tells us that the electric dipole moment of a molecule has to change during the vibrational oscillations.
Therefore, homologous biatomic molecules like, for example, Cl, are invisible in IR absorption
spectroscopy, and it is also not possible to measure (by IR absorption spectroscopy) the molecular bond
strength needed, for example, as input parameter in statistical thermodynamics to calculate the heat
capacity as a function of temperature for Cl,. Here, Raman spectroscopy, which is an inelastic scattering
technique, provides an adequate solution, and therefore often is considered as a method complimentary to
IR spectroscopy. Raman scattering also allows to access changes in polarization of incident and scattered
light, thereby enabling an accurate assessment of molecular vibrations in conjunction with so-called
group theory, a concept most useful for symmetry analysis of molecular vibrations and chemical bonds
in molecules or chemical complexes. Therefore, we will also briefly introduce the mathematical concept

of group theory in a separate chapter of this book.

Raman scattering is based on the irradiation of the sample with a beam of well-defined polarized
monochromatic, highly intense, light. The major part of the scattered light, also called Rayleigh scattering,
will then have the same wavelength as the incident light. Note, however, that even the Rayleigh peak
shows a slight broadening in wavelength due to the Doppler effect, which may be exploited to determine
the velocity of molecules in the gaseous state (see Eqs.(2.18), (2.19)). Also, the intensity of the Rayleigh
peak scales with the polarizability of the scattering molecules, which is a measure how easy the incident
electromagnetic wave may induce an oscillating dipole acting as an emitter. Finally, the scattered intensity

scales with the frequency of the incident light to the power 4.
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In addition to the main (quasi elastic) Rayleigh peak, molecules may also show two inelastic scattering
peaks of much smaller intensity, called Stokes and Anti Stokes peak, respectively. In this case, molecular
vibrations are coupled to the light emitting oscillating electric dipole, and the respective vibration
energy is either subtracted (Stokes-peak, red-shifted compared to the Rayleigh peak) or added to the
energy of the emitted light wave (Anti Stokes peak, blue-shifted compared to the Rayleigh peak). A
Raman spectrum therefore consists of the detected scattered intensity, typically measured in an angle
of 90° or even 180° (back scattering) in respect to the incident light beam, plotted vs. the wavelength
or wavenumber of the scattered light. Typically, the wavenumber of the incident light or Rayleigh peak
is set to zero, and the Rayleigh peak because of its high intensity is blocked from the detector, and the
Stokes peak is detected as a function of wavenumber shift (Stokes shift). Figure 2.14 summarizes the
molecular energetic transitions involved in Raman spectroscopy, and sketches the resulting Raman
spectrum. Note that the blue-shifted Anti Stokes peak is usually much lower in intensity than the red-
shifted Stokes peak, reflecting the difference in thermal population of the vibrational ground and the

vibrational excited state as defined by the Boltzmann distribution (see chapter 1).

<
]
o
<
I
o
<
]
o

4 intensity

»
»

wave number

Fig. 2.14: molecular energetic transitions involved in a Raman spectrum, and sketch of the resulting Raman spectrum.v =0, 1
are the vibrational ground and the first excited state, respectively. Dashed horizontal lines are so-called virtual electronically

excited states. See text for details.
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As mentioned, the electric field of the incident light induces an oscillating electric dipole moment which
is directly proportional to the electric field strength, the proportionality given by the polarizability of

the molecule, a:
f=a E=a-Ey cos(2m vy t) (Eq.2.57)

with v, the frequency of the incident light, and E| its electric field vector. Note that the polarizability
@ is a tensor of 2™ rank, indicating that the direction of the oscillating electric dipole moment vector
may be different from the polarization direction of the incident electric field vector. We will keep this
property of the polarizability tensor in mind when we discuss the symmetry of molecular vibrations
visible in Raman scattering in chapter 3. An important condition for Raman active vibrations is that
the polarizability changes with the atomic coordinates g. As a first approximation, this dependence of
the polarizability on the atomic coordinates of a vibrating molecule can be expressed as a Taylor series

expansion around the equilibrium atomic configuration, i.e.
da
a=ag=o+ (d—q) R (Eq.2.58)

Here, we are interested only in changes of the atomic coordinates q due to harmonic molecular vibrations,

therefore

q =qo " CcoS(2m vy - 1) (Eq.2.59)
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with v, the frequency of the molecular vibration, and g, the amplitude of this vibration. Note that
this frequency is identical to that of IR light needed to incite the molecular vibration directly by light
absorption, in case this vibration would show a change in the electric dipole moment of the molecule.
If we insert Eqs. (2.58) and (2.59) in the expression for the induced electric dipole moment, we get:

da

f=a-E= (aq=0 + (dq)q=0 “qo " CoS(2m vy - t)) -Ey - cos(2m - vy - t) (Eq.2.60)

or, using the theorem for the multiplication of two cosine functions:

fi=a-Ey-cos(2m-vqy-t)

+%- (Z—:)FO “qo  Eg - {cos[2m - (v + viy) - t] + cos[2m - (vy — viy) - t]} (Eq.2.61)
Here, the first part of this equation corresponds to the electric dipole oscillations responsible for the
elastic Rayleigh scattering (v,), and the second part to the oscillations causing the Stokes ((vy —Vy))
and the Anti Stokes ((vy + vy;)) peaks, respectively. Eq. (2.61) shows directly the important selection
rule telling if a molecular vibration is visible in Raman scattering: the polarizability has to change with

the harmonic oscillation of the molecule:

(Z—f;)q=0 #0 (Eq.2.61)
The total number of so-called normal modes of vibration of a non-linear molecule, consisting of N
atoms, is given by 3N - 6, since each molecule consisting of N atoms has 3N degrees of freedom (=
modes of atomic motion). These degrees of freedom correspond to position changes of each atom of the
molecule in direction of the respective Cartesian coordinates x, y and z. 3 of these modes are attributed
to translation of the overall molecule in directions x, y and z (all atoms moving the same distance in the
same direction), and another 3 modes are attributed to molecular rotations around three different axes
pointing in directions x, y or z, respectively. Note here that, for linear molecules, like for example CO,,
one of these rotational modes disappears, since the moment of inertia in respect to rotation around the
principle molecular axis in this case is zero. For linear molecules, we therefore expect 3N - 5 normal

modes of vibration.

Let us conclude this chapter considering the molecular degrees of freedom, and the corresponding
vibrational modes, of a slightly more complicated non-linear molecule. Ammonia (NH,), for example,
should have 6 different molecular vibrational modes (3N = 12, minus 3 modes of translation and rotation,
respectively). The vibrational modes with a change in the electric dipole moment should be IR active,
whereas those with a change in polarizability should be Raman active. Note that some modes may be
neither IR nor Raman active, or both. Whereas it is simple to check these selection rules for biatomic
molecules like HCI or Clz, it is impossible to address the vibrations of molecules with 3 or more atoms,
in respect to their detectability in optical spectroscopy, without a suitable concept of symmetry analysis.
The mathematical concept of group theory here provides a solution, and therefore it will briefly be

introduced in the last chapter of this book.
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3 Group theory

In this chapter, I will introduce the concept of point group theory and character tables. This mathematical
concept is essential to analyze fundamental problems in chemistry, like the symmetry of molecular
vibrations, or the symmetry of molecular electronic orbitals. Group theory is based on simple symmetry
operations like regular rotations, mirror planes, points of inversion, etc., and matrix calculation. It will
be shown how group theory is used to predict if molecular vibrations or electronic transitions can be

excited by the absorption of light.

For further reading, I recommend, for example, the textbook “Physical chemistry” by P.Atkins, chapters
“molecular symmetry” and “spectroscopy 1, 2”. Here, I shall point out that the mathematically exact
formalism of group theory is a rather complicated subject, especially for beginners. Since this ebook shall,
however, not replace common textbooks on the subject but rather provide a comprehensive overview
on the topics statistical thermodynamics and spectroscopy, this chapter about group theory only tries to
provide an idea of the formalism (“learning by viewing”), skipping sometimes the exact mathematical

background.

3.1 C,, — asimple example to introduce the concept

We start with the character table of the 3-atomic molecule H,O as a comparatively simple example:

C, E (o o (xz) o’ (yz)

A, 1 1 1 1 z, X%, y%, 22

A, 1 1 -1 -1 Rz, xy

B1 1 -1 1 -1 X, R, xz
y

B, 1 -1 -1 1 Y, R, yz

Table 3.1: character table of symmetry point group C, (e.g. H,O molecule)

The first row of the character table contains the name of the symmetry point group in the upper left
corner. Here, C, symbolizes a molecule with a C, rotation axis (molecule looks identical if rotated by
180° around its principle symmetry axis), and vertical mirror planes o, . Next, the first row of the table
(shaded in gray) contains the symmetry operations characteristic for the given point group, in this case
the identity E (corresponding to rotation by 360°), the C, rotation axis already mentioned, and two
different vertical mirror planes. The coordinates x, y and z are defined according to a certain orientation

of our molecule in space, as shown in figure 3.1:
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v

/ - H/O\H

Figure 3.1: Cartesian coordinate system and corresponding orientation of the H,0 molecule.

In the last column of the character table, we find basic operations, like translation along the Cartesian
axes (X, y, z), or rotations around an Cartesian axis (R , R . R ), which show the same symmetry as the
irreducible representations (see below) listed in the first column (here: A, A, B, B)). Here, the letter
A symbolizes 1-dimensional representations which are symmetric in respect to the principle rotation
axis, whereas the letter B symbolizes 1-dimensional representations which are antisymmetric in respect
to this axis. In addition, we also find products of Cartesian coordinates, like xy, xz etc. These products
are needed to determine if a vibrational mode is detectable in Raman spectroscopy, as we will explain

later in more detail.
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The irreducible representations are the basic set of the reducible representations of each symmetry
operation. Note that, for each symmetry point group there exist an arbitrary number of reducible
representations, but only those irreducible representations which are defined in the character table.
Mathematically, a symmetry operation changes a vector, containing all atomic positions with their
respective Cartesian position vectors in all 3 spatial directions x, y and z (therefore, a vector of total
dimension 3N, N being the number of atoms of the molecule), into a new 3N-dimensional vector
(or atomic configuration of the molecule), as we will explain for a few examples soon. Therefore, the
symmetry operation is mathematically represented by a matrix, in case of the reducible representations
by a matrix of dimension 3N x 3N. This matrix can be rewritten as the sum of smaller matrices, the
so-called irreducible representations of the symmetry operation. These smaller matrices, on the other
hand, cannot be represented by the sum of even smaller matrices, and therefore are called irreducible.
Principally, this is similar to the procedure of rewriting a (reducible) vector in 3d space as the sum of

three (irreducible) orthogonal vectors in directions x, y and z, with respective contributions:

(- (-

This analogy of simple vector algebra to the more complicated matrix calculations, used to describe
symmetry operations in group theory, is even more justified if one considers that in practice of group
theory not the whole transformation matrix, but only its diagonal elements, have to be considered.
The sum of these diagonal elements is called the character of the corresponding matrix. Note that the
diagonal elements basically form a vector, which is 3N-dimensional for any reducible representation of
the molecule. Irreducible representations then are, if one only considers the diagonal elements of the
corresponding transformation matrices, vectors of dimensions 1 (abbreviated in character tables with
letters A, B), 2 (E), to a maximum of 3 (T). The numbers in the character table therefore finally represent
the characters, or sums of the diagonal elements, of the smaller irreducible matrices. Lost you? Let us
illustrate this principle of reducible and irreducible matrix representation of symmetry operations, and
especially how the characters of the reducible representations are determined, in more detail, using our

simple example molecule H,O:

First, let us consider how the symmetry operation C, (= rotation by 180° around the z-axis) transforms

the original position vectors of the individual atoms of our H,O molecule, as sketched in figure 3.2:
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Figure 3.2: Change in position vectors of the atoms of H,0 at symmetry operation C,.
If the vector coordinates of the original molecular configuration are defined as following:
(H1,x; Hiy, Hyz Oy, 0y, 0, Hy ., Hy Hz,z) = (91,92, 93, 94,95, 96, 97, 48 99) (Eq.3.2)
then the symmetry operation C, transforms this vector into:
(41,92, 93, 44, 95, 96, 47, 48, 49) — (=Q7, =48, 49, —qar =G5, A6» —41, —G2, q3) (Eq.3.3)
For example, the y-vector of the left H-atom becomes the y-vector of the right H-atom in negative
direction, and therefore q, changes to -q,. In general, the transformation of one vector into another one

of the same dimension 3N is mathematically described by the multiplication of the original vector with

a matrix of dimension 3N x 3N, i.e.:

G =T-§ (Eq.3.4)

The transformation matrix I' for the C, rotation of the H,O molecule is then given as:

0 0 0 0 0 0o -1 0 0
0 0 0 0 0 0 0 -1 0
0 0 0 0 0 0 0 0 1
0 0 0 -1 0 0 0 0 0
r=| o 0 0 0 =1 0 0 0 0 (Eq.3.5)
0 0 0 0 0 1 0 0 0
-1 0 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
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This can easily be confirmed, if we consider that the first component of the new vector ¢’ is given by

multiplication of a 3N-dimensional vector, corresponding to the first row of the matrix, with the vector

- .
g, and so on..., i.e.

0
0
0
0
qg1=1 0
0
0
0

q1
q:
qs3
qa
de
1 q7
ds
qo
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The character of this matrix, or sum of the diagonal elements, is given as x(C)=—-1-1+1=-1.
Here, one should note that the diagonal elements are only non-zero in case an atom does not change
its position at the symmetry operation. In case of the C, operation, both H atoms swap their positions
while the O atom stays at its place and only changes the orientations of its Cartesian position vectors in
x- and y-direction. In general, the character of any transformation matrix can easily be determined if
we just consider the atoms not changing their position, and think about how their respective Cartesian
coordinates change. This rather simple concept then leads to the following characters of the reducible

matrix representations for all symmetry operations belonging to the point group C, :

XE)=1+14+1+14+1+1+14+1+1=9 (all 3 atoms unchanged)
x(C;)=04+0+0-1-14+1+0+0+0=-1 (only O-atom stays at position)

X(glez) =04+0+0+1—-14+1+0+0+0=1 (onlyO-atom stays at position)
)((O'v'yz) =—-1+14+1-1+4+1+1-1+1+1 =3 (all 3 atoms stay at position) (Eqs.3.7)

This result is summarized in the following table, not to be confused with the character table containing

only the irreducible representations:

C, E C, o (xz) o’ (yz)
T 9 -1 1 3

Table 3.2: characters of the reducible representations for the symmetry operations of symmetry point group C,,
(e.g. H,0 molecule)

To determine the symmetry of the molecular vibrations, and if they are visible in IR-spectroscopy, or
Raman-spectroscopy, or both, we next have to analyze the reducible representation, corresponding to
the 3N degrees of freedom (translation plus rotation plus vibration) in respect to its underlying basic
irreducible symmetries. This is achieved by considering that the reducible representation is the sum of 9
irreducible one-dimensional representations (listed in the character table 3.1). The contribution of each
of these irreducible representations (Al, A, B, BZ) is calculated then by taking into account that the
sum of the respective characters has to be equal to the characters of the reducible representation given
in tab.3.2, leading to 4 equations (one for each symmetry operation) with 4 unknown quantities ¢; to

C4, the respective contributions of each irreducible representation to I':
F=C1'A1+C2'A2+C3'Bl+C4'BZ (Eq3.8)

Note that the total number of 1d irreducible contributions to the reducible representation has to equal
3N, i.e. in case of our H,O molecule, ¢; + ¢, + ¢3 + ¢4, = 9. This also corresponds to the solution of
Eq.(3.8.) for the symmetry operation E. It can be shown (see textbooks) that, more general, the coefficients

¢; may be calculated using the formula:

1

e =7 2k (he X' (R X(R)) (Eq.3.9)
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with h the order of the group (or number of basic symmetry operations, here h = 4), h; the dimension
of the irreducible representations (here, h;, = 1 in all cases), R the respective symmetry operations, and
x'(R) and y(R) the characters of the respective irreducible and reducible representations. This formula

then leads to the following results (the respective characters are found in tables 3.1 and 3.2):
cl(Al)=%-(1-1-9+1-1-(—1)+1-1-1+1-1-3)=3
Cz(Az)=i'(1'1'9+1'1'(—1)+1'(—1)'1+1'(—1)'3)=1
c3(Bl)=%-(1-1-9+1-(—1)-(—1)+1-1-1+1-(—1)-3)=2
c4(B2)=i-(1-1-9+1-(—1)-(—1)+1-(—1)-1+1-1-3)=3 (Egs.3.10)

And therefore the reducible representation is finally given as:

F=3'A1+1'A2+2'Bl+3'32 (Eq3.11)

To identify the symmetry of the vibrational modes, we have to subtract the translational and rotational

molecular degrees of freedom first from the expression given in Eq.(3.11). According to the character

table (see tab.3.1), the translations x ,y and z have the symmetries of A , B, and B,, whereas the rotations
around the 3 different Cartesian axes R, R and R have the symmetries of A, B, and B,. Subtracting

these 6 irreducible representations from the reducible representation then leads us to the following

symmetries for the 3 vibrational normal modes of the H,O molecule:
Iip,=2"4A;+B, (Eq.3.12)
We expect therefore two vibrational normal modes to be totally symmetric (A ), and one mode to be

antisymmetric in respect to rotation by 180° around the principle z-axis (B,). For a simple molecule like

H,0, these vibrations could be visualized as following:

I —
AN VNS SN

Fig.3.3: visualization of the 3 vibrational modes of H,O: symmetric bond stretching (left) and bond deformation (center), and
antisymmetric bond stretching (right).
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Finally, we have to determine which of these vibrations are detectable by spectroscopic methods. Again,
here the character table is very helpful: this time, we use its right column to analyze the symmetry of the
irreducible representations in respect to the symmetry of an electric dipole moment, which is a vector
with Cartesian components (X, y, z), or the symmetry of the polarizability, which is represented by a

3 x 3 dimensional matrix and therefore contains the 9 matrix elements (X xy , Xz, yX, V% Vz, ZX, zy, Z°).

C, E C, o (xz) o’ (yz)

A, 1 1 1 1 B RE
A, 1 1 -1 -1 R, K
B, 1 -1 1 -1 ER, &
B, 1 -1 -1 1 iR, E

Table 3.1: character table of symmetry point group C,, (e.g. H,0 molecule). Marked in red are IR active vibrational modes, marked
in green are Raman active vibrational modes.
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The character table shows that both the A modes and the B, mode correspond in symmetry to Cartesian
coordinates as well as to products of Cartesian coordinates. We therefore may conclude that, in case
of a sample containing many H,O molecules in random orientation in respect to the director of the
electric field vector of the incident light, all 3 modes are visible in both IR and Raman spectroscopy.
Note, however, if we would prepare a solid sample with all molecules oriented in z-direction as sketched
in figure 3.1, then the vibrations could not be detected with IR light linearly polarized in x-direction
(since the transition dipole moment of the molecular vibrations of H,O has no symmetry component

in x-direction perpendicular to the principle molecule axis).

3.2 The point group C,|

Let us discuss next the point group C,, as an example for a more complicated (compared to H,0)

molecules, like NH, or HCCI,. The corresponding character table is given in table 3.3:

C3v E 2 C: 30,

A, 1 1 1 z; X>+y% 72

A, 1 -1 R,

E -1 0 (xy); (erRy)? (x2-y?, xy); (xz,yz)

Table 3.3: character table of symmetry point group C, (e.g. HCCI, molecule)

C,, symbolizes a molecule with a C, rotation axis (molecule looks identical if rotated by 120°, clockwise or
counter-clockwise, therefore this rotation is abbreviated as 2C, in character tables), and 3 vertical mirror
planes o . Again, the coordinates x, y and z are arbitrarily defined according to a certain orientation of
our molecule in space (note that the orientation of the molecule has to be chosen in consistence with
the character table. The right column in tab.3.3 shows that the z-vector is totally symmetric in our case
(irreducible representation A, the characters of 1 for all symmetry operations indicate that the z-vector
does not change for any of the symmetry operations), and therefore the z-axis is the principle rotation axis
of the H,O molecule) , as shown in figure 3.4. Here, we should note that the choice of the x and y axis in
this case has no consequence on the formalism: a 2d vector within the xy-plane, that is, perpendicular to
the principle rotation axis, will always correspond to the irreducible representation E, as we will illustrate
for one example below. As already mentioned before, E corresponds to a 2d irreducible representation,
as for example the 2d-vector (x, y) (see right column). Character tables for other symmetry point groups

may contain irreducible representations which are even 3d, called T.
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Figure 3.4: Cartesian coordinate system and corresponding orientation of the HCCI, molecule.

v

Before we continue, let us illustrate why a 2d-vector in the xy-plane should correspond to the irreducible
basis E defined in the character table. Let us consider an arbitrary 2d vector in the xy-plane, (1, 1)
for example. This vector has a total length of V2. If it is rotated by 120° around the z-axis, the x- and
y-coordinates, respectively, change as following: x, = 1 becomes x, = —V/2, whereas y, = 1 becomes
¥, = V2. The corresponding rotation matrix transforming the vector (x, y) then, in analogy to Eq.(3.4),

is given as:

—/2 - cos 15°> (—\/f - cos 15° 0 ) 1
_ . Eq.3.13
( V2 -sin15° 0 V2 -sin 15° (1) (Eq )

and the corresponding character of this matrix is given as —v2:cos15°++v2-sin15° = —1, in
agreement with the irreducible basis E in the character table (see tab.3.3). For clarification, this C3

operation of a vector (1, 1) is also shown in figure 3.5.:

y/\

15° 45°

\ 4

Fig.3.5: C3 operation of a vector (1, 1) in the xy-plane (in red), rotated counterclockwise by
120° around the z-axis.

Finally, let us also consider the operation o in respect to our 2d vector. According to our molecular
orientation (see fig.3.4), one possible vertical mirror plane corresponds to the xz-plane, and therefore a
2d-vector in the xy-plane perpendicular to the principle rotation axis, for example the same 2d vector
as considered before for the C3 rotation (see Eq. (3.13), changes from (1,1) to (1,-1), corresponding to

the transformation matrix as following:

(—11) - ((1) _01) ' (1) (Eq.3.14)
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Consequently, the character of this matrix equals 0, which again is in agreement with our irreducible
basis E.

Next, to determine the symmetry of the vibrational modes we need to find the reducible representation
for the point group C,, which again corresponds to the overall symmetry of all 3N molecular degrees

of freedom (translation, rotation, and vibration).

Consider for example the HCCI, molecule: the previous example C, has taught us that we only have
to consider those atoms of the molecule, which are not changing their position under the symmetry
operation, to determine the character of the respective transformation matrix. For symmetry operation
E, all 5 atoms of HCCl3 stay at their position, leading to a character of 5 x 3 = 15. Rotation around
the z-axis by 120° on the other hand, only leaves the H-atom and the central C-atom at their original
positions. The z vectors of these atoms remain unchanged, whereas the x- and y-position vectors are
changing from +1 to — %, respectively (sin” (30°)). The character for the C, transformation matrix
therefore has to be 0. Finally, there exist three equivalent vertical mirror planes defined by the atoms
H, C and one of the 3 Cl atoms, respectively. Consequently, only the positions of these 3 atoms within
the mirror plane remain unchanged, with two Cartesian components lying within the plane remaining
unchanged as well, and the third component lying perpendicular to the mirror plane changing its sign.

For the transformation matrix corresponding to s, , this leads us to a character of 3.

c E 2¢ 30,

3v 3

r 15 0 3

Table 3.4: characters of the reducible representations for the symmetry operations of symmetry point group C,,
(e.g. HCCI, molecule)

Using the above formula (Eq. 3.9)), the reducible representation is then given as:
F=4'A1 +A2+5'E (Eq3.15)

To identify the symmetry of the vibrational modes, next we have to subtract the irreducible representations
corresponding in symmetry to the translational and rotational modes. According to the character table
shown above (see tab.3.3), the translations x ,y and z have the symmetries of A, and E, whereas the
rotations around the 3 different Cartesian axes R, Ry and R, also have the symmetries of A, and E.
Subtracting these 6 irreducible representations from the reducible expression given in Eq.(3.15) then

leads us to the following symmetries for the vibrational modes of the HCCI, molecule:
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Finally, again we have to determine which of these vibrations are detectable by spectroscopic methods.
As before, we use the right column of the character table to analyze the symmetry of the irreducible
representations in respect to the symmetry of an electric dipole moment, which is a vector (x, y or z),
or the symmetry of the polarizability, which is a tensor and therefore described by products x?, y?, z* or

Xy, Xz, yz (or linear combinations of these products).

Csy E 2GC; 3o

Al 1 1 1 =T
Ay 1 1 -1 R,

E 2 -1 0 B (R R); P55 Gzys) |

Table 3.3: character table of symmetry point group C, (e.g. HCCI, molecule). Marked in red are IR active vibrational modes,
marked in green are Raman active vibrational modes.

The character table shows that both the A, modes and the E modes correspond in symmetry to Cartesian
coordinates as well as to products of Cartesian coordinates. We therefore may conclude that in case of
HCCI, 6 peaks are visible in both IR and Raman spectroscopy, corresponding to a total of 9 vibrational

modes, 3 of which are degenerate in transition energy (symmetry class E).

www.job.oticon.dk
PEOPLE FIRST

78 Click on the ad to read more

Download free eBooks at bookboon.com


http://oticon.com/

33 T

d

We conclude this chapter with a more complicated but important symmetry point group, T, as an
example for tetrahedric molecules, like CH, or CCl,. These molecules have a total of 3N = 15 moelcular
degrees of freedom, and correspondingly up to 9 vibrational transitions detectable in spectroscopy.
Consequently, as in the last example, group theory becomes even more essential to analyze these modes
in respect to their symmetry, and their spectroscopic detectability, since it is impossible to visualize
these vibrational modes by simply looking at the molecule, which might still work for simple 3-atomic
molecules like H O or CO,.

The character table of the group T, is given in table 3.5.:

T, E 8C, 3C, 6S, 60,

A, 1 1 1 1 1 X+ y*+ 72

A, 1 1 1 -1 -1

E 2 -1 2 0 0 (2Z2-x%-y? x%-y?)
T, 3 0 -1 1 -1 (R,R,R)

T, 3 0 -1 -1 1 (x, Y, 2) ; (xy, xz, yz)

Table 3.5.: character table of symmetry point group T, (e.g. HCCI, molecule)

We also use the point group T, to introduce some fundamental new symmetry operations, rotation mirror
axes S, (= rotation by 90° around a rotation axis, and then application of a mirror plane perpendicular
to this axis), and diagonal mirror planes s 4 (see figure 3.6, two Cl atoms and the central C atom lie
within each of the 6 mirror planes, respectively. The S, symmetry operation, which is a bit complicated

to visualize, therefore is sketched in the following figure 3.6 as well.

Importantly, the point group T, does not have one principle rotation axis, like the groups C, or C,
which we have described before, but 4. Therefore, the z-coordinate, which typically is identified with the
principle axis of the molecules, has no absolute meaning in this case. Instead, we consider for example a
3d-vector (X, y, z), or the length of this vector squared, x>+y?+z* (see Table 3.5, right column), as examples
for the irreducible bases of the point group T, , the z-component this time not necessarily pointing in

the direction of the respective principle axis of the molecule.
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Figure 3.6: CCl, molecule, and one of 4 existing S, axes.

Note that in this character table, again we find a new letter for the irreducible representations, T. This

letter T corresponds to a 3d irreducible representation, like the Cartesian vector (x, y, z).

Next, we need to find the characters of one reducible representation. Again, we only have to consider the
atoms of the molecule which are not changing their position under the symmetry operation to determine
the character of the respective transformation matrix. For symmetry operation E, all 5 atoms of CCI,
stay at their position, leading to a character of 5 x 3 = 15. Rotation around any of the 3 C, axes, on the
other hand, only leaves the central C-atom at its original position. The z vector of the C atom remains
unchanged, whereas the x- and y-position vectors are changing from +1 to - 1, respectively, giving a
total of -1 for the character of the C, operation (see table). The character for the C, transformation
matrix in case of T, has to be 0, as shown before in case of C, . For S, again only the central C atom does
not relocate, and its z-vector changes from +1 to -1, whereas x and y vectors become y vector and -x
vector, respectively, leading to diagonal transformation matrix elements of 0 for these two coordinates.
The character for the S, transformation matrix therefore is -1. Finally, for the diagonal mirror planes
s,» the central C atom and 2 of the 4 Cl atoms remain at their positions, respectively. Let us assume the
plane is lying in xz, then for each of the three atoms we would get a character of 1 (x and z unchanged,
y changing from +1 to -1), leading to a total character of the o, transformation matrix of 3. All these

characters of the reducible matrix representations are summarized in the following table 3.6:

T, E 8C, 3C2 60, 60,

r 15 0 -1 -1 3

Table 3.6: characters of the reducible representations for the symmetry operations of symmetry point
group T, (e.g. CCI, molecule)

Using the above formula (Eq. (3.9)), the reducible representation as a sum of the irreducible representations

is given as:

I'=A,+E+T, +3T, (Eq.3.17)
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To identify the symmetry of the vibrational modes, again we have to subtract the translations and
rotations. According to the character table (see tab.3.5) the translations x, y and z have the symmetry of
T, whereas the rotations around the 3 different Cartesian axes R, RY and R have the symmetry of T,
Subtracting these 6 representations (or, better, two 3d representations) then leads us to the following

symmetries for the vibrational modes of the CCI, molecule:
F‘Uib = Al +FE+ 2T2 (Eq318)

Finally, once more we have to determine which of these vibrations are detectable by spectroscopic
methods. Again, we consider the right column of our character table to analyze the symmetry of the
irreducible representations in respect to the symmetry of an electric dipole moment, which is a vector
(x, y or z), or the symmetry of the polarizability, which is a tensor and therefore described by products

of type X%, y?, z* or Xy, Xz, yz.
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Statistical Thermodynamics and Spectroscopy Group theory

Td E 8 C3 3 Cz 6S4 6 Od

A 1 1 1 1 1 Xy 2|
A, 1 1 1 -1 -1

E 2 -1 2 0 0 Q7Y xy) |
T, 3 0 -1 1 -1 (R, Ry, R,)

T, 3 0 -1 -1 1 ;

Table 3.5: character table of the symmetry point group T, (e.g. HCCI, molecule), marked in red are IR active vibrational
modes, marked in green are Raman active vibrational modes

The character table (see tab.3.5) shows that all irreducible representations of the vibrational modes
(A, E, T;) contain products of Cartesian coordinates, and therefore all vibrations should be detectable
by Raman spectroscopy. In practice, we only find 4 peaks for the 9 vibrational modes, since some of them
are energetically degenerate, and therefore represented by 2d (E) or 3d irreducible bases (T), respectively.
Only the T, representation, however, corresponds to simple Cartesian coordinates x, y or z, and therefore

CCl, should show only up to 2 peaks in an IR vibration excitation spectrum.

To conclude this section, we show a typical Raman spectrum of CCl, measured in our research laboratory
at Mainz University. Note that we see 4 transition peaks as predicted, one of which shows a double-peak

shape. Those transitions correspond to the vibrational modes as listed in Tab. 3.6.

intensity / a.u.
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Fig.3.7: Raman spectrum of CCl, (University Mainz/Germany, Physical Chemistry Lab, 2015)
(Figure prepared with Microsoft Excel 2013)
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Peak position shift, wavenumber/cm™ Vibrational mode (symmetry, irreducible)
214 T,

319 T,

457 A,

755 E

Tab.3.6: Raman peaks and corresponding vibrational modes, see spectrum Fig. 3.7 and character table Tab. 3.5.

3.4 Group theory and excitation of molecular electronic transitions, e.g. C |

Finally, let us consider how group theory may help to decide if an electronic transition can be excited
by the absorption of light. Again, for its simplicity, we use the 3-atomic molecule H,O as an example,

and therefore show the corresponding character table and the molecular orientation in 3d space again:

C, E C, o (x2) o’ \(yz)

A, 1 1 1 1 z, X%, y?, 22
A, 1 1 -1 -1 R, xy
B, 1 -1 1 -1 X, Ry, Xz
B2 1 -1 -1 1 Y, R,yz

Table 3.7: character table of symmetry point group C,, (e.g. H,0 molecule)

v

- /N
H H

Figure 3.8: Cartesian coordinate system and corresponding orientation of the H,O molecule.

Next, for electronic transitions we have to determine the symmetries of the molecular electron orbitals.
Here, we first consider that within a simple quantum mechanical model, these molecular orbitals are
obtained by linear combination of the atomic orbitals of the contributing atoms, O and 2H. We only
take into account the outermost (valence) atomic orbitals, which, for the oxygen atom, are 2s, 2p,, 2py

and 2p,, and for the hydrogen atoms are 1s, respectively.
As a general rule, molecular orbitals can only be formed by combining atomic orbitals of identical

symmetries. So, let us first consider the symmetries of the valence atomic orbitals, as defined in the

character table C,.
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We start with the oxygen atom: obviously, the 2s and the 2p orbitals are perfectly symmetric, and
therefore correspond to the irreducible representation a,. Note that we will use small letters for the atomic
or molecular orbitals, but capital letters for the total electronic configuration of the molecule. Next, p_
is symmetric to the xz-plane, but antisymmetric in respect to the C, rotation and the yz-mirror plane,
therefore corresponding to the irreducible representation b,. Finally, p_is symmetric to the yz-plane,

but antisymmetric in respect to the C, rotation and the xz-mirror plane, therefore corresponding to b,.

For the hydrogen atoms, it is a bit more difficult to determine the symmetry, since they switch places under
the symmetry operations C, and s, (xz), and therefore form no irreducible basis, individually. Instead,
we need to consider a linear combination of the two 1s orbitals, which either can be totally symmetric
(and therefore al), or antisymmetric in respect to the xz-plane, and therefore bz. Let us summarize the

symmetry of the atomic orbitals contributing to the molecular orbitals of H,O in the following figure 3.9:
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A 4

O: 2s, a

2p;, a1

2px, b1

2p}’7 b2

SHOOO

Hi,Ha: 1Isi+ Isy, a

Is) — 152, b,

Figure 3.9: Symmetries of atomic orbitals constituting the molecular orbitals of H,0. The sign +, — symbolizes the phase of
the corresponding wave function. Note that for the hydrogen atoms, a linear combination has to be considered to obtain an
irreducible representation of the symmetry group C,.
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We conclude, therefore, that the six molecular orbitals of H,O, which are formed by linear combination

Group theory
of atomic orbitals of identical symmetries, respectively, belong to the following symmetry classes: 3a,
2b,, and 1b . The energy diagram and molecular orbital scheme of H,O looks as following:

energy
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Figure 3.10: energy diagram and molecular orbital scheme of H,0, energy levels not on quantitative scale!
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Next, let us consider how some of these molecular orbitals could be visualized: 1b, is comparatively
simple, since it does not contain any contributions from the hydrogen atomic orbitals, which have a
different symmetry. Therefore, 1b, must directly correspond to the orbital 2p_of the oxygen atom, which
is also obvious from the fact that it shows no wave function overlap with the hydrogen orbitals. The most
stable orbital la, is symmetric, and it shows a maximum overlap of the contributing wave functions.
Therefore it must be a combination of three s orbitals. Finally, we consider 1b,, lying lower in energy than
the atomic orbitals contributing to it, and therefore corresponding to a binding orbital, and 2b,, lying
higher in energy than the atomic orbitals and therefore antibinding. Some of the 6 molecular orbitals

are sketched, according to our simple considerations, in the following figure 3.11.

©19

1 bz ‘ '
(D ©

18.1

Figure 3.11: some of the molecular orbitals of the molecule H,0. Wave functions or orbitals
show constructive overlap, leading to a lower total energy of the molecular orbital system

(= binding state), only if they agree in phases +, -, respectively. Atomic orbitals of the oxygen
atoms are shown in red color, orbitals of the hydrogen atoms in black color.

Next, we fill the molecular orbitals with the valence electrons of the contributing atoms, starting with
the one with lowest energy (1a,), and determine the symmetry of the electronic state. We have a total of
eight electrons (six valence electron of the oxygen atom, plus one electron each from the two hydrogen
atoms), and therefore the electronic ground state of the H,O molecule corresponds to molecular orbitals
la, to 1b, each filled with two electrons. 1b is also called highest occupied molecular orbital (HOMO),
and the symmetry of this electronic configuration is determined by simply multiplying the characters of
the irreducible representations for all molecular orbitals occupied by electrons, leading to a representation
for the electronic configuration A . In general, if the orbitals are filled with 2 electrons each, we get a
symmetric electronic state, since for each molecular orbital, for example 2b,, one has to get a symmetric

state a  (see character table Tab 3.7, b, x b, = (1,1,1,1)), corresponding to A,.
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If we try now to excite 1 electron from the HOMO to an energetically higher molecular orbital, for example
the lowest unoccupied orbital (= LUMO) 2b., the symmetry of the new electronic configuration will
simply be given by considering the singly occupied molecular orbitals, only. For our HOMO - LUMO -
transition, we then obtain a symmetry of the excited state given by b, x b, = (1,1,-1,-1), corresponding
to A,. Therefore, our electronic transition occurs from an electronic ground state of symmetry A , to an

electronically excited state of symmetry A..

Now, how can one decide if this transition is optically excitable or not? The answer to this important
question lies within Fermi’s golden rule derived in the preceding chapter (see Eq.2.51), that for molecular
transitions excited by the absorption of light, the corresponding transition electric dipole moment has
to be non-zero:

Rom = [ f2" (@) {1 fin(@)dq (Eq.3.19)
This integral will be only non-zero if its overall symmetry is A . Again, the overall symmetry can easily

be determined by multiplication of the characters of the corresponding irreducible representations given

in our character table, which for convenience again shall be repeated here:

Cay E (&) ov(xz) a\(z)

Aq 1 1 1 1 z, X%,y 22
Az 1 1 -1 -1 R, xy
B 1 -1 1 -1 X, Ry, xz
B, 1 -1 -1 1 Yy, Ry, yz

Table 3.7: character table of symmetry point group C, (e.g. H,O molecule). Symmetries of the dipole moment are marked
in yellow.

Our HOMO-LUMO transition combines wave functions f;,(q) (HOMO) and f,,"(q) (LUMO), with
symmetries A, and A, as we have just shown in detail. Further, the dipole moment operator has the
symmetries of a vector in the Cartesian coordinate system, i.e. either A, B, or B.. Therefore, we have
to check if any of the combinations A xA xA,A xB xA,A xB xA, leads to a total symmetry
A, so the integral in Eq.(3.19) becomes non-zero. The multiplication of irreducible representations, or

corresponding characters, has to be done pairwise, leading to:

Ay-Ay-A; = (A A A = Ay Ay = 4y (Eq.3.20.1)
AZ : Bl : A1 = (AZ . Bl) . Al = BZ . Al = Bz (Eq.320.2)
Ay By-A;=(A;"By) Ay =By Ay =B (Eq.3.20.3)
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Let us confirm Eq.(3.20.2) in detail: the characters for the first product A, - B; according to Tab.3.7 are

given as following:
x(4,-B)=>1-1,1-(-1),-1)-1,-1D-(-1))=(1,-1,-1,1) = y(B,) (Eq3.21)

Obviously, multiplication of any irreducible representation X with the symmetric representation A
yields X. Therefore, B, - A; = Bj.

None of the combinations given in Eqs.(3.20) therefore results in A , leading us to the conclusion that
the HOMO-LUMO transition of H,O molecules cannot be excited by the absorption of light. This
conclusion underlines how convenient the concept of symmetry group theory is for the interpretation
and understanding of the optical spectra of molecules. Note that, in the context of this booklet, for
simplicity we have taken simple calculation rules how to handle symmetries of combined states, like,
for example, A, "By - A; = (A, By)-A; = Ay - (By - A;), for granted. All these rules of course can
be justified in a mathematically exact way, but I felt this to be beyond the intention of this book, and
therefore must refer the readers more interested in the mathematical details of group theory to common

textbooks of physical chemistry.

Let me conclude this section by considering if the electronic transition of higher energy, i.e. from the
HOMO of our H,O molecule, not to the LUMO, but to the next unoccupied 3a, molecular orbital,
can be triggered by light absorption or not. The excited state in this case has the symmetry defined by
singly occupied orbitals of symmetries b, and a , respectively, leading simply to the symmetry B, for the
electronic configuration of this excited state. Combinations to be considered for the transition dipole

moment then are given as following:
By
B, - {BZ} A, (Eq.3.22)
Ay

with the symmetries of the Cartesian components of the electric dipole momentum operator given as

Hx x Bl
i= {yy} = {y} = {Bz} (Eq.3.23)
z z Aq

We immediately recognize that the first combination, B; - By - A4, leads to a total symmetry of Aj.
Therefore, this electronic transition is accessible by absorption of light via the x-component of the electric

dipole moment vector.
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A
Absorption, of light, 42, 44, 66, 89
Absorption spectroscopy, 43f, 49f

B
Boltzmann statistics, 10f

Bond, chemical,

Chemical equilibrium, statistical treatment, 29f

Complex numbers, 35f
Constant,
Boltzmann, 12

Planck, 42

D

Index

length, 27, 44, 56 Degrees of freedom, molecular, 66, 72, 77
strength, 27, 29, 59 Dipole,
induced, 65
C
transition moment, 53
Clz, bond length, 20
Dissociation, of diatomic molecules, 33
Character table,
Doppler effect, 47
C,, 67,74
C,, 75,78 E
Td, 79, 82 Eigenfunktionen, wave functions, 15, 44, 50f
Characteristic temperature, Energy,

vibration of molecules, 27, 29 quantized oscillator, 16

rotation of molecules, 27, 29 quantized particle in a box, 15
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quantized rotator, 17

relation to partition function, 21f
Entropy, statistical definition, 25
Equilibrium, chemical, 29f

Euler equations, 37

F
Fermi’s golden rule, 55
Fluorescence, 44
Frequency,
electronic transition, 43,44
molecular vibration, 43,44
molecular rotation, 43
Function,
partition, 13f
wave, 15, 44, 50f

G
Group theory, 67f

H
HC], IR spectrum, 58, 61
H20, molecular orbital scheme, 85, 86
Heat capacity,
of gases, 26f

relation to partition fuction, 27, 28

I
Internal conversion, 56
Intersystem crossing, 56
IR spectroscopy,

high resolution, 58f

vibration rotation coupling, 60, 61

J
Jablonski diagram, 56

K
Kinetic theory of the ideal gas, 47

L
Law,
Boltzmann’s, 13, 30

Fermi’s, 46, 55

Light,
absorption (see absorption, of light)

energy spectrum, 43

M
Molecular orbital scheme, 83f

Morse potential, 44, 61

o
Orbitals, molecular, 83f
Oscillator,

linear harmonic, 16

linear anharmonic, 44, 61

P
Particle in the box, 14f
Partition function,
electronic state, 33
molecular translation, 18
molecular rotation, 19
molecular vibration, 20
relation to energy, 21f
relation to entropy, 25
relation to free energy, 23, 24
relation to heat capacity, 23, 26f
Perturbation, quantum theory of, 52f
Phosphorescence, 58

Polarisability tensor, 65, 74, 78, 81

Q
Quantum numbers, 16, 17

Quantum theory, 14f

R

Radiation,
absorption, see absorption of light
emission, 42, 56f

Raman effect, 63f

Rate constants,
electronic transitions, 43, 44
fluorescence, 58
internal conversion, 58

molecular rotations, 43
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molecular vibrations, 43, 44
phosphorescence, 58
Reduces mass, vibration, 59
Representation of symmetry operation,
irreducible, 69
reducible, 69f,
Rotation, quantum states, 17
Rotation constant,
quantum mechanical model, 17, 29

IR spectrum, 60f

S

Scattering of light,
Rayleigh, 63f
Raman, 63f

Schrodinger equation,
stationary, 50
time dependent, 50

Selection rules,

light absorption spectroscopy, 49, 55, 59, 66

Raman scattering, 66
Series, spectral, 61
Singlet state, 58
Spectra/Spectroscopy

IR, 58f

molecular, 42f
Raman, 63f
UV/vis, 44f, 56f
Spin orbit coupling, 58
Stirling approximation, 10
Symmetry operations, 67, 79
rotation,
irreducible matrix representation, 76
reducible matrix representation, 70
mirror plane,

irreducible matrix representation, 76

T
Temperature,
absolute, 12
statistical definition, 12
molecular transitions, 27, 29
Transition, dipole moment, 53, 55

Triplet state, 58

U
Uncertainty principle, Heisenberg, 16, 47

A%

Vibration, linear harmonic, see oscillator
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